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Abstract. We introduce a category of cluster algebras with fixed initial seeds. This category 
has countable coproducts, which can be constructed combinatorially, but no products. We char- 
acterise isomorphisms and monomorphisms in this category and provide combinatorial methods 
for constructing special classes of monomorphisms and epimorphisms. In the case of cluster 
algebras from surfaces, we describe interactions between this category and the geometry of the 
surfaces. 
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Cluster algebras are particular commutative algebras which were introduced by Fomin and 
Zelevinsky in [FZ02J in order to provide a combinatorial framework for studying total positivity 
and canonical bases in algebraic groups. Since then, a fast-growing literature focused on the 
numerous interactions of these algebras with various areas of mathematics like Lie theory, Poisson 
geometry, representation theory of algebras or mathematical physics. The study of the cluster 
algebras as algebraic structures in themselves can essentially be found in the seminal series of 
articles [FZ02] IFZ031 IBFZ051 IFZ07| and their ring-theoretic properties were recently studied in 
|GLSllj . 

For a long time, an obstacle to the good understanding of cluster algebras was that they are 
defined recursively by applying a combinatorial process called mutation. However, the interactions 
of cluster algebras with either the (combinatorial) Teichmiiller theory or the representation theory 
of algebras led to various closed formulae which enlightened the structure of cluster algebras, see 
IMSWlll IDWZTOl IPlallbl [HLTO] . 

In order to get a better comprehension of cluster algebras, the next step is thus to define a 
categorical framework for their study. Therefore, one has to find what are the "right" morphisms 
between cluster algebras. The most natural idea is to look at ring homomorphisms which commute 
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with mutations. For bijective morphisms from a coefficient-free skew-symmetric cluster algebra to 
itself, this gave rise to the notion of cluster automorphisms, introduced in [ASSllj . However, 
in more general settings this idea turns out to be slightly too restrictive in order to get enough 
morphisms between non-isomorphic cluster algebras. 

In this article, we slightly relax this first idea and propose a similar definition of cluster morphism 
between arbitrary skew-symmetrisable cluster algebras of geometric type (with non-invertible co- 
efficients) . The definition is still based on the idea that morphisms between cluster algebras should 
commute with mutations but, broadly speaking, we also allow the morphisms to specialise certain 
cluster variables to integral values or to send frozen variables to exchangeable ones (see Definition 

With this notion of morphisms, we obtain a category Clus with countable coproducts (Lemma 
15. ip but generally without products (Proposition 15. 4p . We prove that in Clus, the isomorphisms 
are the bijective morphisms (Corollarv l3.I0p . the monomorphisms are the injective monomorphisms 
(Proposition 14. 3p while the epimorphisms are not necessarily surjective (Remark 16. ip . 

Inspired by the interactions between geometry and the combinatorics of cluster algebras asso- 
ciated with surfaces in the sense of [FST08 , we define for arbitrary cluster algebras concepts of 
gluings and cuttings which provide natural classes of monomorphisms and epimorphisms in Clus 
(see Sections [S] and [JJ). 

We also study specialisations of cluster variables in this categorical context. We prove that 
the usual specialisations of frozen variables to 1 yield epimorphisms in Clus. More surprisingly, 
for cluster algebras from surfaces or for acyclic cluster algebras, we prove that specialisations of 
exchangeable cluster variables also give rise to epimorphisms in Clus (Theorems 16. 1 II and 16 . 1 3[) . 

The article is organised as follows. After a brief section recalling our conventions, Section [T] 
recalls the principal definitions on cluster algebras which we will use along the article. In Section 
[21 we introduce the notion of rooted cluster morphisms and the category Clus and we establish some 
basic properties. Section [3] is devoted to the study of isomorphisms in Clus, generalising previous 
results of [ASSllj on cluster automorphisms. Section@]is devoted to the study of monomorphisms 
in Clus. Section [S] concerns the study of products and coproducts in Clus and their interactions 
with the geometry of surfaces. Section[B]is devoted to the study of epimorphisms in Clus and gives 
rise to a combinatorial process called surgery, whose interactions with the geometry of surfaces are 
studied in Section [71 



Notations 

In this article, every ring A has an identity 1a and every ring homomorphism A — > B is assumed 
to send the identity 1a to the identity 1b- We denote by Ring the category of rings with ring 
homomorphisms . 

If 7 is a countable set, we denote by Mj(Z) the ring of locally finite matrices with integral 
entries indexed by / x / (we recall that a matrix B = (bij)i.jei is locally finite if for every i £ I, the 
families (bij)j^i and {bji)j^i have finite support). We say that B is skew-symmetrisable if there 
exists a family of non-negative integers {diji^i such that dibij = —djbji for any i,j 6 I. If J C /, 
we denote by B[J] — (bij)ijeJ the submatrix of B formed by the entries labelled by J x J. 

If I and J are sets, we use the notation I\J = {i£l\i^J} independently of whether J is 
contained in / or not. By a countable set we mean a set of cardinality at most Ho. 

If R is a subring of a ring S, and if S£ C S is a set, we denote by R\X\ the ring of all polynomials 
with coefficients in R evaluated in the elements of S. Note that this is not necessarily isomorphic 
to a ring of polynomials. 

We recall that a concrete category is a category whose objects have underlying sets and whose 
morphisms between objects induce maps between the corresponding sets. 
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In order to make some statements clearer, it might be convenient for the reader to use a com- 
binatorial representation of the skew-symmetrisable locally finite matrices as valued quivers. If 
B 6 M/(Z) is a locally finite skew-symmetric matrix, we associate with B a valued quiver Qb 
whose points are indexed by / and such that for any i,j 6 /, if b^ > (so that bji < 0), then we 
draw a valued arrow 

I ^ ] 

in Qb- As B is skew-symmetrisable the valued quiver Qb has no oriented cycles of length at most 
two. In the case where B is skew-symmetric, if i,j £ I are such that bij > 0, we usually draw fry- 
arrows from i to j in Qb instead of a unique arrow with valuation (bij, —bji). 

1. Rooted cluster algebras 

In this section we recall the definition of a cluster algebra of geometric type. As opposed to the 
initial definition formulated in [FZ02], we consider non-invertible coefficients. 

1.1. Seeds and mutations. 

Definition 1.1 (Seeds). A seed is a triple £ = (x, ex, B) such that : 

(1) x is a countable set of undeterminates over Z, called the cluster of £ ; 

(2) ex C x is a subset of x whose elements are the exchangeable variables of £ ; 

(3) B = (b xy ) x ,yex G Af x (Z) is a (locally finite) skew-symmetrisable matrix, called the ex- 
change matrix of £. 

The variables in x \ ex are the frozen variables of £. A seed £ = (x, ex, B) is coefficient-free if 
ex = x and in this case, we simply write £ = (x, B). A seed is finite if x is a finite set. 
Given a seed £, the field j^s = Q(x x e x) is called the associated ambient field. 

Definition 1.2 (Mutation). Given a seed £ = (x, ex, B) and an exchangeable variable x 6 ex, 
the image of the mutation of E in the direction x is the seed 

^(E) = (x',ex',B') 

given by 

(1) x' = (x \ {x}) U {x'} where 

xx' = Yl y bxv + Yl y~ hxy ■ 

J/Gx ; S£x ; 

bx B >0 b xy <0 

(2) ex' = (ex\{z})U{x'}. 

(3) B' = (b' yz ) e M X (Z) is given by 

y _ f -b yz if x = y or x = z ; 

yz { b yz + | (| b yx I b xx + b yx I b xz | ) otherwise. 

For any ?/ £ x we denote by fj. x .i:(y) the variable corresponding to y in the cluster of the seed 
/ia;(E), that is, fj- x ,i:(y) = y ]£ y ^ x and /Jt Xt s(x) = x where x is defined as above. If there is no 
risk of confusion, we simply write iJL x {y) instead of fi Xt ^(y). 

The set x' is again a free generating set of J^s and the mutation is involutive in the sense that 
fJ-x' ° Mx(E) = E, for each x S ex. 

Definition 1.3 (Admissible sequence of variables). Let E = (x, ex, B) be a seed. We say that 
(xi, . . . ,xi) is T,-admissible if x\ is exchangeable in E and if, for every i > 2, the variable Xi is 
exchangeable in /J, Xi _ 1 o ••■ o /i xl (E). 
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Given a seed E = (x, ex, B), its mutation class is the set Mut (E) of all seeds which can be 
obtained from E by applying successive mutations along finite admissible sequences of variables. 
In other words, 



Two seeds in the same mutation class are mutation-equivalent. 
1.2. Rooted cluster algebras. 

Definition 1.4 (Rooted cluster algebra). Let E be a seed. The rooted cluster algebra with initial 
seed E is the pair (E, s/) where is the Z-subalgebra of given by : 



The variables (exchangeable variables and frozen variables respectively) arising in the clusters of 
seeds which are mutation-equivalent to E are the cluster variables (or the exchangeable variables 
and frozen variables respectively) of the rooted cluster algebra (E, sf). We denote by the set 
of cluster variables in (E, srf). 

In order to simplify notations, a rooted cluster algebra (E,,e/) is in general simply denoted by 
.s/ (E) but one should keep in mind that a rooted cluster algebra is always viewed together with its 
initial seed. 

Remark 1.5. This definition authorises seeds whose clusters are empty. Such seeds are called 
empty seeds and by convention the rooted cluster algebra corresponding to an empty seed is Z. 

Example 1.6. If E = (x, 0,-B) has no exchangeable variables, then 

■s^(E) = Z[x | a? ex] 
is a polynomial ring in countably many variables. 

Remark 1.7. In the original definition of cluster algebras given in [FZ02J, the frozen variables 
are supposed to be invertible in the cluster algebra. However, it is known that cluster variables 
in a cluster algebra of geometric type are Laurent polynomials in the exchangeable variables with 
polynomial coefficients in the frozen ones (see for instance [FZ03L Proposition 11.2]). Therefore, 
the cluster algebra structure can essentially be considered without inverting the coefficients. Also, 
several "natural" examples of cluster algebras arise with non-invertible coefficients, as for instance 
cluster algebras arising in Lie theory as polynomial rings (see [GLS111 §6.4]) or cluster structures 
on rings of homogeneous coordinates on Grassmannians (see |GSV1Q[ §2.1] or Section |6"1)]) . 

Of course, if one wants to recover the initial definition from ours, it is enough to localise the 
cluster algebra at the frozen variables. Nevertheless, some of our results (in particular the crucial 
Lemma l4.ip require that frozen variables be non-invertible. 

1.3. Rooted cluster algebras from surfaces. In this article, we are often interested in the 
particular class of rooted cluster algebras associated with marked surfaces in the sense of [FST08J . 
We recall that a marked surface is a pair (S, M) where S is an oriented 2-dimensional Riemann 
surface and M is a finite set of marked points in the closure of S such that each connected 
component of the boundary dS of the surface S contains at least one marked point in M. We also 
assume that none of the connected components of (S, M) is a degenerate marked surface, that is, 
a surface which is homeomorphic to one of the following surfaces : 

• a sphere with one, two or three punctures, 

• an unpunctured or a once-punctured monogon, 

• an unpunctured digon or an unpunctured triangle. 



Mut (E) = {fi Xn o • • • o fi Xl (E) n > and (xi , . . . , 



x n ) is E-admissible} . 





x 



(x,ex,B)SMut (£) 
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All curves in (S, M) are considered up to isotopy with respect to the set M of marked points. 
Therefore, two curves 7 and 7' are called distinct if they are not isotopic. Two curves 7 and 7' 
are called compatible if there exist representatives of their respective isotopy classes which do not 
intersect in S\M. 

An arc is a curve joining two marked points in (S, M) which is compatible with itself. An arc 
is a boundary arc if it is isotopic to a connected component of dS \ M, otherwise it is internal. 

A triangulation of (S", M) is a maximal collection of arcs which are pairwise distinct and com- 
patible. The arcs of the triangulation cut the surface into triangles (which may be self-folded) . 

With any triangulation T of (S, M) we can associate a skew-symmetric matrix B T as in |FST08j . 
For the convenience of the reader, we recall this construction in the case where T has no self-folded 
triangles (for the general case we refer the reader to [FST 08, §4]). For any triangle A in T, we 
define a matrix B A , indexed by the arcs in T and given by 

{1 if 7 and 7' are sides of A and 7' follows 7 in the positive direction ; 
— 1 if 7 and 7' are sides of A and 7' follows 7 in the negative direction ; 
otherwise. 

The matrix B T is then given by 

b t = J2b a 

A 

where A runs over all the triangles in T. 

In terms of quivers, the quiver Qt corresponding to B T is the quiver such that : 

• the points in Qt are the arcs of T, 

• the frozen points in Qt are the boundary arcs of T, 

• there is an arrow 7 — > 7' if and only if 7 and 7' are sides of a same triangle and 7' follows 
7 in the positive direction, 

• a maximal collection of 2-cycles is removed. 

Example 1.8. Figure [1] shows an example of quiver obtained from a triangulation of a hexagon. 
Points in white correspond to frozen variables and points in black correspond to exchangeable 
variables. The dashed arrows, joining frozen points, are precisely those which we remove in the 
simplification of the seed (see Definition I3.5[) . 




FIGURE 1 . The quiver of a triangulation of a hexagon. 

Then, we can associate with T the seed £t = (xr, exy, Bt) where : 

• X7 1 is indexed by the arcs in T ; 

• exy is indexed by the internal arcs in T ; 

• B T is the matrix defined above. 
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The rooted cluster algebra associated with the triangulation T is therefore s/{Tjt)- 

It is proved in |FST08j that if T and T are two triangulations of (S,M), then £ T and £ T , 

can be joined by a sequence of mutations. Therefore, up to a ring isomorphism, rffSf) does not 

depend on the choice of the triangulation T and is called the cluster algebra (S 1 , M) associated 

with (S,M), see |FST08| for further details. 

More generally, it is possible to associate to a marked surface a cluster algebra with an arbitrary 

choice of coefficients and not only the coefficients arising from the boundary arcs considered above. 

However, for geometric statements (see for instance Sections 14.11 16.31 or I775)) . it is usually more 

natural to consider coefficients associated with the boundary arcs. 

Finally, in order to avoid technicalities, we only consider untagged triangulations but all the 

results we present can easily be extended to the case of tagged triangulations. 

2. The category of rooted cluster algebras 
2.1. Rooted cluster morphisms. 

Definition 2.1 (Biadmissible sequences). Let E = (x, ex, B) and £' = (x',ex', B') be two seeds 
and let / : J^s — > J^jy be a map. A sequence (xi, . . . ,x n ) C srf (£) is called (/, £, £') -biadmissible 
(or simply biadmissible if there is no risk of confusion) if it is E-admissible and if (f(x\), . . . , f{x n )) 
is E'-admissible. 

We fix two seeds £ = (x, ex, B) and E' = (x', ex', B'). 

Definition 2.2 (Rooted cluster morphisms). A rooted cluster morphism from 
£f(Y,) to J2/(E') is a ring homomorphism from J2/(E) to srf(Yl) such that : 

(CM1) /(x)cx'UZ; 

(CM2) /(ex) C ex' U Z ; 

(CM3) For every (/, E, E')-biadmissible sequence (x\, . . . , x n ), we have 

f(f*x n ° ■ ■ ■ ° VxiMv)) = M/o„) ° • • • ° /"/(x!),E'(/(y)) 

for any y in x. 

We sometimes say that / commutes with biadmissible mutations if it satisfies (CM3). 

Remark 2.3. A rooted cluster morphism may send a frozen cluster variable to an exchangeable 
cluster variable whereas (CM2) prevents the opposite from happening. 

Remark 2.4. Given an explicit ring homomorphism / between two rooted cluster algebras, 
(CM3) is difficult to check since it requires to test every biadmissible sequence, and there are 
in general infinitely many. However, we shall see that for instance for isomorphisms, it is some- 
times possible to simplify this situation (see Lemma |3.8[) . 

Proposition 2.5. The composition of rooted cluster morphisms is a rooted cluster morphism. 

Proof. We fix three rooted cluster algebras &/\, and ,2/3 with respective initial seeds £1, E2 and 
E3 where £j = (xj, eXf, B l ) and consider rooted cluster morphisms / : sd\ — > &?2 and g : — > g/3. 
The composition g o f is a ring homomorphism from srf\ to ^3. Moreover, we have : 

(CM1) (g o /)( Xl ) = <?(/(x x )) C 5 (x 2 U Z) C x 3 U Z ; 

(CM2) (g o /)( eXl ) = <?(/(e Xl )) C ,g(ex 2 U Z) c ex 3 U Z ; 

(CM3) Let (xi, . . . , x n ) be a ((g o /), £1, E 3 )-biadmissible sequence. We claim that (xi, . . . , x n ) 
is (/, Ei, E2)-biadmissible and that (f(xi), . . . , f(x n )) is (g, £2, £3)-biadmissible. Indeed, 
since / satisfies (CM2), an exchangeable variable x G exi is sent either to an exchange- 
able variable in ex 2 or to an integer. If f(x) G Z, because g is a ring homomorphism, 
then g(f(x)) G Z and therefore (g o f)(x) is not exchangeable, a contradiction. Thus, 
(sci, . . . , x n ) is (/, Ei, E2)-biadmissible. It follows that (f(xi), . . . , f(x n )) is £2-admissible 
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and therefore, as (g(f(xi)), . . . ,g(f(x n ))) is £ 3 -admissible, the sequence (f(xi), . . . , f{x n )) 
is (g, £2, S3)-biadmissible. 

Now, since / satisfies (CM3), for every i such that 1 < i < n and any x € Xi, we have 

f((x x . o ■■■ o(i Xl (x)) =(J.f( Xi ) o ■ ■ ■ o ^, f{xi) (f(x)). 

and, since g satisfies (CM3), for any (g, £2, £3)-biadmissible sequence (t/i , . . . , y n ) and 
any i such that 1 < i < n and y 6 xa, we have 

sO* • • • m^i (y)) = • • • (g(v))- 

Then, as /(xi) C X2 U Z, we get 

(.9 /)(Ar, • ' '"feW) = M(go/)(x ( ) ' ' • M( 9 o/)(x!)((9°/)(^)) 

for any igxso that (<7 o /) satisfies (CM3). 
Thus, g o f : srf\ — ?> Jz/3 is a rooted cluster morphism. □ 

Therefore, we can set the following definition : 

Definition 2.6. The category of rooted cluster algebras is the category Clus defined by : 

• The objects in Clus are the rooted cluster algebras ; 

• The morphisms between two rooted cluster algebras are the rooted cluster morphisms. 

Remark 2.7. One should observe the importance of the condition (CM2) in the proof of Proposi- 
tion [23] in order to obtain well-defined compositions of rooted cluster morphisms. If this condition 
is removed from the definition of a rooted cluster morphism, one can easily construct examples of 
rooted cluster morphisms whose composition is not a rooted cluster morphism. 

For instance, consider £1 = (x,x, [0]), £2 = [0]) and £3 = ( (x, y), (x, y), 



-1 

Let / denote the identity in Q(x) and let g denote the canonical inclusion of Q(x) in Q(x,y). 
By construction / and g satisfy (CM1) and not (CM2). Since there are neither non-empty 
(/, £1, £2)-biadmissible sequences nor non-empty {g, £2, £ 3 )-biadmissible sequences, / and g sat- 
isfy (CM3). The composition g o / also satisfies (CM1) and (x) is (g o /, £ 1; £ 3 )-biadmissible. 
However, 

(.9 /XM^)) = - + — ^ = tHgof)(x){{g ° f)(x)). 
Therefore, g o / does not satisfy (CM3). 
2.2. Ideal rooted cluster morphisms. 

Definition 2.8 (Image seed). Let / : £/(£) — >£/(Y,') be a rooted cluster morphism. The image 
seed of £ under f is 

/(£) = (x'n/(x),ex'n/(ex),S'[/(x)]). 

Lemma 2.9. Let f : ^(£) — be a rooted cluster morphism and let (yi, . . . ,yi) be an 
/(£)- admissible sequence. Then (j/i, ...,?/;) is £' -admissible and 

Proof. Let £ = (x, ex, B) and £' = (x',ex',B'). Because fj, yi (B'[f(x)]) = B'[/j, yi (f(x))], it is 
enough to prove the statement for / = 1 and to proceed by induction. By definition, exchangeable 
variables in /(£) are exchangeable in £'. Now, if y\ is /(£)-admissible, we have 

/ \ 

1 n n 



1 b ^i >0 b *yi <0 I 

\zex'n/(x) zex'n/(x) / 
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Because y\ is exchangeable in /(E), there exists some x\ G ex such that y± = f{x\) and we have 



Msi.e(^i) 



X\ 



\ 



n 



, b Wl >0 



n 



Therefore, since / satisfies (CM3). we get 



Myi,s'(yi) = f{^x u s{xx)) = 



Vi 



n /w bMi + n /(* 



b U xi>0 
, ttSx 



L 

/ 



And by definition 



/V,£'(yi) = — 



n 



Z ZV1 + 



n 



Therefore, 6' 



\ z£x' 2£x' / 

for any z G x' \ /(x) so that fJ, yu v>(yi) = Hy u f(s)(y 



□ 



Lemma 2.10. Let f : ^(E) — ^(E') 6e a roofed dusker morphism. Then ^(/(E)) C /(.e/(E)). 

Proof. Let E = (x, ex, £>) and E' = (x', ex', LV). We have to prove that any cluster variable in 
.e/(/(E)) belongs to /(<e/(E)). Fix an arbitrary cluster variable y G ,sz/(/(E)), then there exists an 
/(E)-admissible sequence (yi, . . . ,yi) such that y — fi yi o • • • o (yi). 

We claim that any /(E)-admissible sequence (y±, . . . ,yi) lifts to an (/, E, /(E))-biadmissible 
sequence (x%, . . . ,xi). If I = 1, then yi = f(x\) for some xi G ex and thus (a;i) is biadmissible. 
Assume now that for k < I the sequence (yi, . . . , y^) lifts to a biadmissible sequence (xi, . . . , x^). 
Then yk+i is exchangeable in fi yk o • • • o /x 2/1 (/(E)) and thus there exists some x G ex such that 
J/fc+i = Mat ° • • • ° ^yAf{ x ))- Because / satisfies (CM3), we get 

Vk+l = f(fix„ ° ■ ■ -o^xiix)). 

Therefore, Xk+i = \x Xk o • • ■ o /j, Xl (x) is exchangeable in fi Xk o • ■ • o fi Xl (E) and (yi, . . . , y&+i) lifts to 
(xi, . . . , Xfc + i). The claim follows by induction. 

If I = 0, then by definition of /(E), the elements in the cluster of /(E) belong to /(»e/(E)). If 
I > 0, then it follows from the claim that (j/i, . . . , j/j) lifts to an (/, E, /(E))-biadmissible sequence 
(xi, . . . , xi) in (E). Moreover, we have 

y = fi yi ° ■ ■ • ° fJ- yi ,f(T,)(yx) 

= M/(x ( ) °---°l*fW,f(E)(f(xi)) 

~ ^f(xi) ° •■■ ° Hf{ Xl ),Y,'{f{ x l)) 

= f(j*x, ° ' ' ' ° Hx u n{xi)) G /(^(E)). 

where the third equality follows from Lemma 12.91 and the last one from the fact that / satisfies 
(CM3). □ 

Definition 2.11 (Ideal rooted cluster morphism). A rooted cluster morphism / : — >£/(E') 
is called ideal if £/ (/(E)) = f{stf (E)). 

We shall meet along the article several natural classes of rooted cluster morphisms which are 
ideal (see for instance Corollary 14.51 Proposition 16.41 or Proposition I6.10| ). However, we do not 
know whether or not every rooted cluster morphism is ideal. We may thus state the following 
problem : 
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Problem 2.12. Characterise the rooted cluster morphisms which are ideal. 
Example 2.13. Consider the seeds 



and the ring homomorphism 




-1 




1 
1 

-1 



and £' = (y u y 2 , J/3), (2/1, 2/2, 2/3), 




-1 




1 
1 
-1 



- 




X\ H 


■» 1 


x 2 >- 


->■ 2/i 


x 3 1- 


->■ 2/2 



The only (/, E, £')-biadmissible sequence to consider is (x 2 ) and 



x 2 



1 



1)2 



2/1 



VvAyi) = Vf{x 2 ){f{x 2 )) 



so that / is a rooted cluster morphism ,af(£) — > s^(Y,'). Moreover we have 

/(£) = ((2/1,2/2), (yi) 

Therefore 

= Z^,^,^, £l±£i] and *✓(/(£)) = Z[ yi ,y 2 , 1 4 ' /J 1 






1 " 




-1 





) 



■f'2 



2/1 



so that .«/(/(£)) = /(^(S)) and therefore / is ideal. 



Definition 2.14 (Rooted cluster ideal). A (ring theoretic) ideal J in a rooted cluster algebra 
,k/(E) is called a rooted cluster ideal if the quotient can be endowed with a structure of 

rooted cluster algebra such that the canonical projection is a rooted cluster morphism. 

Proposition 2.15. Let f : jz/(E) — ^,sz/(£') be an ideal rooted cluster morphism. Then Ker(/) is 
a rooted cluster ideal. 

Proof. Let / : ,sz/(£) — >J2/(E') be an ideal rooted cluster morphism. Then / induces a ring 
isomorphism 

^(£)/Ker(/) ~ /(*/(£)) = ^(/(E)) 

endowing (E) /Kei(f) with a structure of rooted cluster algebra with initial seed /(E). 

Moreover, since / is a rooted cluster morphism, the morphism / : jz/(E) — >s>/(f(Y,)) induced 
by / is also a rooted cluster morphism and therefore jz/(E) — > »e/(E)/Ker(/) is a rooted cluster 
morphism. □ 



3. Rooted cluster isomorphisms 

In this section we characterise isomorphisms in Clus which we call rooted cluster isomorphisms. 
These results are generalisations of those obtained in |A"SSllj for coefficient-free skew-symmetric 
cluster algebras. We recall that an isomorphism in Clus is an invertible morphism. 

We start with a general lemma on surjective morphisms : 

Lemma 3.1. Let E = (xx, exi, B 1 ) and £2 — {x-i, ex 2 , B 2 ) be two seeds and f : srf (£1) — > srf (E2) 
be a surjective ring homomorphism satisfying (CM1). Then X2 C /(xi) and ex. 2 C /(exi). 
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Proof. Let z € X2. Since / is surjective, there exists y G ^(Ei) such that /(y) = z. According 
to the Laurent phenomenon, there exists a Laurent polynomial L such that y = L{x\x € xi). 
Therefore, z = f(y) = L(f(x)\x G xi). Since / satisfies (CM1), we know that /(xi) C X2 U Z. If 
z ft /(xi), since X2 is a transcendence basis of J?£ 2 , we get a contradiction. Therefore, 2 G /(xi) 
and thus x 2 C /(xi). 

Fix now 2 G ex2. According to the above discussion, we know that n xi 7^ 0. Since 

/ is surjective, there exists A G ,sz/(£i) such that /(A) = jU z ,s 2 (-2). Now we know that A G 
Z[xi \exi][exj :1 ]. Therefore, if / _1 (.z)nexi = 0, then / _1 (,z)nxi C (xi\exi) and therefore, A is 
a sum of Laurent monomials with non- negative partial degree with respect to any t G f~ 1 (z) flxi. 
Therefore, /(A) is a sum of Laurent monomials with non-negative partial degree with respect to 
z, a contradiction since fJ, Zl s 2 (z) = /(A) is the sum of two Laurent monomials with partial degree 
-1 with respect to z. Therefore f^ 1 (z) n exi 7^ so that ex2 C /(exi). □ 

Corollary 3.2. Let S, = (x i; ex i; 5 ,; ) be a seed for i G {1,2} and let f : jz^(Si) — >-jz^(E2) &e 
a bijective ring homomorphism satisfying (CM1). Then f induces a bijection from Xi to X2. If 
moreover f satisfies (CM2), then f induces a bijection from exi to ex2. 

Proof. Since / is injective and satisfies (CM1), it induces an injection xi — >X2. Since / is also 
surjective, it follows from Lemma [6. II that X2 G /(xi) and ex2 G /(exa). Therefore, / induces a 
bijection from xi to X2. If moreover / satisfies (CM2), then / induces an injection from exi to 
ex2 and thus it induces a bijection from exi to ex2. □ 

Definition 3.3 (Isomorphic seeds). Two seeds E = (xi, exi, B 1 ) and E2 = (X2, ex2, B 2 ) are called 
isomorphic if there exists a bijection cj> : xi — ?>X2 inducing a bijection <f> : exi — >ex2 and such 
that My) ~ t>x y f° r every x, y G Xi. We then write Ei ~ E2 and B 1 ~ B 2 . 

Definition 3.4 (Opposite seed). Given a seed E = (x, ex, B), the opposite seed is 



Definition 3.5 (Simplification of a seed). Given a seed E = (x, ex, B), we set B = (b xy ) Xiy ^ x G 
M X (Z) where 



The simplification of the seed E is defined as E = (x, ex, B). 

Remark 3.6. In terms of valued quivers, simplifying the seed simply corresponds to removing all 
the arrows between the frozen points. An example is shown in Figure [1] where the arrows between 
frozen points are shown dashed. 

Definition 3.7 (Locally rooted cluster morphism). Let £1 = (x^exi,!? 1 ) and 
£2 = (x2,ex2,i? 2 ) be two seeds. A ring homomorphism / from ,c/(Ei) to 
^(£2) is called a locally rooted cluster morphism if it satisfies (CM1), (CM2) and 
(CM31oc): for any x G exi and any y G Xi, we have, /(/x X;Sl (y)) = M/(x),£ 2 (/(?/))• 

As we now prove, for bijective ring homomorphisms, it is possible to simplify considerably the 
condition (CM3) (compare [ASS111 Proposition 2.4]). 

Lemma 3.8. Let £1 and £2 be two seeds and let f : ^(£x) — ^^/(Ea) be a bijective locally rooted 
cluster morphism. Then : 

(1) f is a rooted cluster morphism ; 



£ op = (x,ex,-B). 




if x, y G x \ ex 
otherwise. 



(2) Ex ~ £ 2 or £ x ~ (£ 2 ) 



op 
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Proof. For i £ {1,2}, we set S^ = (x^, ex^, B l ). Let / be as in the hypothesis. It follows from 
Corollary 13.21 that / induces bijections from Xi to X2 and from exi to ex2. 
For every x € exi, we have 



( ( 

1 



V 



n ^ + n 



\bL>° 



zgxi ; 
bi.<0 



fix) 



n n 

. zgxi ; 2£xi ; 



Because / satisfies (CM31oc), we have 
f{Vx{x)) = n f{x) (}(x)) 

( \ 

Y[ f(zfn*m.) + J] /(z)- b W 

/(*)6xj ; /(*)€x a ; 

\ fc /(x)/(.) >0 fc2 /M/(,)<° / 



and because X2 is algebraically independent, we get b xz = "f( x )f(z) ^ or an ^ x ^ eXl an< ^ an ^ z ^ Xl 
or 6^, z = — 6^/ for any x e exi and any z 6 Xi, that is, i? 1 ~ i? 2 or B 1 ~ (-B 2 ). Therefore, 
ET~ S^or S7~ (S 2 )°P. _ 

Since the mutations in jz/(Si) and srf(Yi2) are entirely encoded in the simplifications Si and £2 
of the exchange matrices, it follows easily that / is a rooted cluster morphism. □ 

Theorem 3.9. Let s/(Y>i) and stf(^i) be two rooted cluster algebras. Then jz/(Si) and ^(£2) 
are isomorphic in Clus if and only i/£i ~ S2 or Sj ~ S 2 • 

Proof. As Clus is a concrete category, an isomorphism / : .0/ (Si) — ^ ,sz/ (S2) is necessarily bijective. 
Therefore, Corollary 13.21 and Lemma 13.81 imply that / induces a bijection xi — ► X2 such that 
B 1 ~ £? 2 or B 1 ~ (_B 2 ) op . Moreover, it also follows from Corollary 13.21 that / is a bijection 
exi — >• ex2 so that it induces an isomorphism of seeds Si ~ S2 or Si ~ S 2 . 

Conversely, if Si ~ S2 or Si ~ S 2 P , we consider the bijection o : xi — >x.2 inducing the 
isomorphism of seeds. It thus induces naturally a ring isomorphism f„ : — > J^s 2 an d it is 
easily seen that f a is a rooted cluster isomorphism. □ 

Corollary 3.10. The isomorphisms in Clus coincide with the bijective rooted cluster morphisms. 

Proof. As Clus is a concrete category, isomorphisms are bijective. Conversely, if we consider a 
bijective rooted cluster morphism srf (Si) — > s/ (S2), then it follows from Lemma l3~8"l that / induces 
an isomorphism of seeds Si c± S2 or Si ~ S 2 so that / is an isomorphism in Clus. □ 

Corollary 3.11. Letsi{Y>\) and 3/(^2) be two rooted cluster algebras and let f : s/(Y,i) — >s/(Yi2) 
be a rooted cluster isomorphism. Then the following hold : 

(1) any Si- admissible sequence is (f,Y,i,T,2)-biadmissible ; 

(2) any S 2 -admissible sequence lifts to a unique (f,T,i,T,2)-biadmissible sequence ; 

(3) /^) = ^. . . - ^ 
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Remark 3.12. For non-bijective morphisms, one can find locally rooted cluster morphisms which 
are not rooted cluster morphisms. For instance, let Si = (xi,exi, B 1 ) and E 2 = ( X 2,ex2,-B 2 ) 
where 

= {xi,X2,x 3 } , ex 2 = X 2 = {U!,U 2 }, 
1 



exi = Xi 

B 1 = 



-1 
1 



ex 2 = x 2 
and B 2 = 



1 

-2 



and consider the ring homomorphism 



(Xi,X2,X 3 ) — > Q( 
xi,x 3 i->- Ul 
x 2 ^ u 2 



Then 



n(Vxi(?l)) = t(Mx 3 (^3)) = 7T 



1 + x 2 



x\ 



Ul,U 2 ) 



1 + U2 

Ul 



Mui(«l) 



and 



1" (feC^)) = 7T 



1 + XiX 3 
x 2 



U-2 



— = Mu 2 («2) 



so that 7T commutes with biadmissible sequences of length one 
However 

1 + x±x 3 



(VX! °^ 2 )( x i) = 



•7'2 

1 + X 2 + X1X3 



,X 3 

,x' 2 ,x 3 



and 



but 



fax' °fe)(xi) 



X1X2 

1 + X 2 + X1X3 1 + x 2 



XiX 2 



x\ 



-,x 3 



M« 2 ( x 2) = i wi,«a = r 

I "2 J 

1 + u 2 + w? 



(Mui °A*« 2 )( x 2) = 



,«2 



and 



so that 



(/V, °N °Mu 2 )( x 2) 

' 1 + x 2 



1 + ti 2 + «i 1 + 2u 2 + ul + u\ 



Xi 



UlU 2 



1 + U2 ^ 1 



u\u 2 



2u 2 



Ul 



u\u 2 



and thus 7r is not a rooted cluster morphism between the cluster algebras ,e/(Ei) and £s/{T, 2 ). 

Note that the morphism tt is induced by the folding of the quiver Qgi : 1 -< 2 >■ 3 

with respect to the automorphism group exchanging 1 and 3. For general results concerning the 
interactions of foldings with cluster algebras, we refer the reader for instance to |Demll| . 

Remark 3.13. a) Two rooted cluster algebras associated with mutation-equivalent seeds are 
not necessarily isomorphic in the category Clus since mutation-equivalent seeds are in 
general neither isomorphic nor opposite, 
b) The cluster automorphisms considered in |ASS11| correspond in our context to rooted 
cluster isomorphisms from £/ (E) to itself when E is finite, skew-symmetric and coefhcient- 
free. The groups of cluster automorphisms have been computed for seeds associated with 
Dynkin or affine quivers, see [ASS11L §3.3]. 
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c) A strong isomorphism .g^(Ei) — >.e/(E 2 ) in the sense of [FZ03I is a rooted cluster isomor- 
phism such that Ei ~ E 2 . 

4. Rooted cluster monomorphisms 

We recall that a monomorphism in a category is a morphism / such that if there exist morphisms 
g and h such that fg = fh, then g = h. 

Lemma 4.1. Let E = (x, ex, B) be a seed, let y C x and /e£ 8 = (y, 0, C) be another seed. 
Then the canonical ring homomorphism J?e — V^t. induces an injective rooted cluster morphism 
£/{&) — ^(H). 

Proof. The canonical ring homomorphism j^e — ► sends x to 1 for any a; £ y therefore, it 
satisfies (CM1) and (CM2). Moreover, since there are no exchangeable variables in 9, it au- 
tomatically satisfies (CM3). We thus only have to prove that it induces a ring homomorphism 
£/(Q) — >-,sz/(E), and this is clear because s^{Q) = Z[x \ x E y] c Z[x x e x] C jz/(E). □ 

Remark 4.2. In order for Lemma l4TT1 to hold, it is necessary to consider non-invertible coefficients 
because if the image of a frozen variable is exchangeable then the image of its inverse would have 
to be the inverse of the exchangeable variable, which is not in the cluster algebra. 

Proposition 4.3. Monomorphisms in Clus coincide with injective rooted cluster morphisms. 

Proof. Let E, = (x^ex^,!? 1 ) be seeds for 1 < i < 3 and consider rooted cluster morphisms 

^(E x ) — g-j- ^(Ea) — f ->* ^(Es) • 

Since Clus is a concrete category, every injective morphism in Clus is a monomorphism. We thus 
only need to prove the converse. 

Let / be a non-injective rooted cluster morphism. Because it satisfies (CM1), we get /(X2) C 
X3 U Z. If /(xa) C X3 and if the restriction of / to x 2 is injective, / sends a transcendence basis 
of J?£ 2 to an algebraically independent family in =^s 3 an d therefore, it induces an injective ring 
homomorphism — > ^e 3 so that it is itself injective, a contradiction. Thus, there are two cases 
to consider : 

• there exists x G x 2 such that f{x) G Z, 

• there exist a;, y £ x 2 such that x ^ y and /(x) = /(j/). 

In the first case, it follows from Lemma 14.11 that we can consider the rooted cluster morphisms 
h, g : Z[x] — i-J2/(E 2 ) given by g(x) — x and h(x) — f{x) G Z. Then fh(x) — fg(x) — f(x) so that 
fh = fg but / ^ g. Thus / is not a monomorphism in Clus. 

In the second case, it also follows from Lemma 14.11 that we can consider the rooted cluster 
morphisms h,g : Z[x,y] — >J2/(E 2 ) given by g{x) = h(y) = x and g(y) — h(x) — y. Thus, fg = fh 
but g h and therefore / is not a monomorphism in Clus. □ 

As a consequence, the study of monomorphisms in Clus restricts to the study of injective rooted 
cluster morphisms. 

Lemma 4.4. Let Ei = (xi,exi,i?i) and E 2 = (x 2 ,ex 2 ,i? 2 ) be two seeds and let f : 
■K^(Ei) — > t e/(E 2 ) be an injective rooted cluster morphism. Then f induces an isomorphism of 
seeds Ei ~ /(El) or Ej ~ (7(E7)) op . 

Proof. As / is injective and satisfies (CM1), we have /(xi) C x 2 and since it satisfies (CM2), 
we have /(exi) = ex 2 n /(xi). Let a; G exi. Since / satisfies (CM3), we have f(fi x ,'s 1 {x)) = 
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fl>f(x),V 2 (f( x )) so that 

n f(vf" + n = n /?( ^+ n z ^ u - 

y&c-i, y£xi, zGx 2 , z£x 2 , 

Therefore, tift x )x = ^ ^ or any z & /( Xl ) an< ^ either b 2 ^ x ^ z = b\ v for any y G xi such that /(y) = z 
or b 2 ^ z = —b xy for any y G xi such that f(y) = z, which proves the lemma. □ 

Corollary 4.5. Any injective rooted cluster morphism is ideal. 

Proof. Let S = (x, ex, B) and E' = (x',ex',B') be two seeds and let / : *f(E) — >-^(S') be an 
injective rooted cluster morphism. As a cluster algebra does only depend on the simplification 
of the seed, we can assume that both E = £ and £' = £'. According to Lemma [4.41 / induces 
an isomorphism of seeds E ~ /(E) or E ~ /(E). It follows that every E-admissible sequence is 
(/, E, E')-biadmissible. 

In order to prove that / is ideal, it is enough to prove that for any cluster variable x in ^(E), 
the variable f(x) is an element in ^(/(E)). Let thus z be a cluster variable in £/(E). Then either 
z is a frozen variable in E and thus f(z) is a frozen variable in /(E) and we are done, or there 
exists a E-admissible sequence (x%, . . . , xi) such that z = fj, Xl o • ■ • o fj, Xl (x) for some x G ex. Then 
(sci, . . . , xi) is (/, E, E')-biadmissible and because / satisfies (CM3), we get 

f(z) = f(n Xl o • • • o Msi.sfc)) = M/(x,) ° • • • ° M/(xO,E'(/(a;)) 
but it follows from Lemma \2. 91 that 

MM ° ' ' ' ° M/(xi),£'(/(ai)) = fJ- f ( Xl ) o • • • o M/(xi),/(E)(/(a:))- 

Therefore, /(z) is a cluster variable in «e/(/(E)) and thus /(^(E)) C £/(f(T,)). The reverse 
inclusion follows from Lemma \2. 101 and therefore / is ideal. □ 

As a byproduct of the proof of Corollary 14. 51 we obtain : 

Corollary 4.6. Let Ei,E2 be two seeds and f : ^(Ei) — >£/(Y,2) be an injective rooted cluster 
morphism. Then : 

(1) any Ei- admissible sequence is (f,Y<i,Y,2)-biadmissible, 

(2) /GT Sl ) C ' " □ 

We recall that a seed E = (x, ex, B) is called : 

• of finite cluster type if is finite, 

• acyclic if the valued quiver obtained by deleting the arrows between frozen vertices in Qb 
has no oriented cycles, 

• mutation-finite if the mutation class of the exchange matrix of B is finite. 

Corollary 4.7. Let Ei,E2 be two seeds and f : ,e/(Ei) — >jz/(T,2) be an injective rooted cluster 
morphism. Then : 

(1) If T.2 is of finite cluster type, then so is Ei ; 

(2) If T.2 is acyclic, then so is Ei ; 

(3) If T.2 is mutation- finite, then so is Ei. 

Proof. The first assertion is a consequence of Corollary 14.61 The second assertion follows from 
Lemma 14.41 and from the fact that a subquiver of an acyclic (valued) quiver is acyclic. The third 
assertion follows from Lemma 14.41 and from the fact that a full subquiver of a mutation-finite 
(valued) quiver is mutation-finite. □ 
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4.1. Monomorphisms arising from triangulations of the n-gon. For any integer m > 3, we 
denote by Ii m the m-gon whose points are labelled cyclically from 1 to to. For m > 4, the cluster 
algebra srf (II m ) (with coefficients associated with boundary arcs) is a cluster algebra of type A m _ 3 . 

We construct by induction a family {T m } m>3 where each T m is a fan triangulation of Tl m - We 
start with the triangle n 3 whose points are denoted by 1,2 and 3. For any m > 3, the triangulation 
T m+ i of II m+ i is obtained by gluing a triangle along the boundary arc joining to to 1 in T m and 
the new marked point introduced by this triangle is labelled by m+ 1, as shown in the figure below. 



2222 




5 



T 3 T 4 T 5 T 6 

For any to > 4, we denote by S m the seed associated with T m in s^{Y\ m ). Cluster variables 
in g/(Tl m ) are identified with the arcs joining two marked points in LT m and for any i and j such 
that 1 < i < j < to, we denote by Xij the variable corresponding to the arc joining i to j. 
The exchangeable variables are thus the variables corresponding to internal arcs. The exchange 
relations given by the mutations in £/(H m ) are the so-called Pliicker relations : 

x^xu = x ik Xji + xuXkj for 1 < i < j < k < I < to. 

For any to' > to, the inclusion of T m in T m i defines a natural ring monomorphism j m ,m' '■ 
<^s m — > &T. m , ■ Since arcs (or internal arcs) in T m are sent to arcs (or internal arcs, respec- 
tively) in T m >, then j m , m ' satisfies (CM1) and (CM2). Moreover, since exchange relations in 
£/(TL m ) and srf(Ji m i) correspond to Pliicker relations in Tl m and II m ' respectively, it is easily seen 
that j m ,m' satisfies (CM3). Finally, since every admissible sequence of variables in £/(H m ) is 
(jm,m', S m , S m / )-biadmissible, it follows from the fact that j m ,m> preserves the Pliicker relations 
that it commutes with biadmissible mutations and that j m ,m'(^(Jim)) C srf(Ji m i). 

Therefore, for to < to', we have exhibited an injective rooted cluster morphism 

Jm.rn' 

Example 4.8. Consider the cluster algebra srf (1T4) whose cluster variables are shown on the square 
below. 

1 *1,2 2 




4 X3 - 4 3 



Then 

^(il 4 ) = Z[xij I 1 < i < j < 4]/(xi 3 x 24 = x 12 x 34: + X14X23). 

Now consider the cluster algebra srf (II5). It has 4 additional cluster variables, two are exchange- 
able and two are frozen. We show these new variables on the picture below. 



10 



IBRAHIM ASSEM, GREGOIRE DUPONT AND RALF SCHIFFLER 




Then 



^/(II 5 ) = Z[xij | 1 < i < j < S\/(xijXki = x ik Xji + xuXkj for 1 < i < j < k < I < 5). 
In particular, the canonical morphism j'4.5 : Q(a:,j | 1 < i < j < 4) — > Q(xy | 1 <«< J < 5) in- 



duces an injective ring homomorphism .e/ftXi)- 
^(S T4 )^^(S T5 ). 



jz/ (II5) which is a rooted cluster monomorphism 



Definition 4.9 (Full subseed of a seed). Given a seed E = (x, ex, B) where x = (xi,i £ /) and 
given a subset J C /, we set E| j the seed with cluster xij = (xj,t6 J), with exchangeable variables 
exj j = ex n X|j and exchange matrix B[J]. Such a seed is called a /uH subseed of E. 

Remark 4.10. If E' is a full subseed of E, the canonical morphism — > does not necessarily 
induce an injective rooted cluster morphism srf (E') 
coefficient-free seed associated with the quiver 

for any m > 1, then the canonical inclusion 1 : 
morphism ,!z/(E m ) — »jz/(E m+ i) because 

1 + X m —i 



For instance, if E„, denotes the 



• =^s m+ i does not induce a rooted cluster 



7^ = Ma 



However, as we shall see in Proposition 16. 4[ if E' is a full subseed of E, then there is a natural 
ideal surjective rooted cluster morphism &/(Yj) — >£/(T,'). 

We now describe a combinatorial operation on seeds which allows one to construct a class of 
injective rooted cluster morphisms. 

4.2. Amalgamated sum of seeds. Let Si = (xi,exi,-B ) and E2 = (x2,ex2,B 2 ) be two seeds 
and sd{Y>2) be the corresponding rooted cluster algebras. 

Let A 1 C (xi \ exi) and A 2 C (X2 \ ex2) be two (possibly empty) subsets such that there is an 
isomorphism of seeds "Si\a ± — ^2|A 2 - I n this case, we say that Ei and E2 are glueable along Ai 
and A2. 

Let A be a family of undeterminates in bijection with Ai and A2. We set 

xx \\ x 2 = (x 1 \A 1 )U(x 2 \A 2 )uA. 

Ai,A 2 

As Ai and A2 consist of frozen variables, exi and ex2 are naturally identified with two disjoint 
subsets of xi Aa X2 and we set 

exi ex2 = exi U ex2 . 

Ai,A 2 

(x.; \ Ai) U A, for any i £ {1,2} the matrix B z can be 



With respect to the partitions x 
written : 



B' 





B 12 


B 21 


B A 
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where the matrices are possibly infinite. 
We then set 








B 12 







B 12 


. B 2l 


B 12 


B A _ 



Definition 4.11 (Amalgamated sum of seeds). With the above notations, the amalgamated sum 
of s/(T,i) and s/ (£ 2 ) along A\, A2 is the rooted cluster algebra s/ (£) where £ = (x, ex, B) with : 

(1) x = Xl u Al ,A2 x 2 ; 

(2) ex = exi Jj Ai Aa ex 2 ; 

(3) B = B'Ua iA2 B 2 . 

We use the notations 



£ = Ei JJ £ 2 and s/ (£) = *f(Ei) JJ ^(E 2 ). 

Ai,A 2 Ai,A 2 

Remark 4.12. In terms of valued quivers, the amalgamated sum of exchange matrices corre- 
sponds to the amalgamated sum of valued quivers. For instance, the following figure shows an 
example of amalgamated sum over the subquivers in the shaded area where points corresponding 
to exchangeable (or frozen) variables are black (or white, respectively). 
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Lemma 4.13. Let Ei and E 2 be two seeds which are glueable along subsets A± and A 2 as above 
and let E = Ei JJ Ai Aa E 2 . Then for any i such that i e {1, 2}, the morphism — > induced 
by the inclusion induces an injective rooted cluster morphism sf(Y,i) — >s/(T,). 

Proof. By construction of E, the canonical morphism j, : — > is injective and satisfies 
(CM1) and (CM2). We now prove by induction on I that any Ei-admissible sequence of length 
I is (ji, Ei, E)-biadmissible and that j\ commutes with mutations along biadmissible sequences of 
length I. 

Let x G exi. Then ji{x) = x e ex so that (x) is (ji, Ei, E)-biadmissible and therefore mutating 
in Ei gives 



M*)= n y bly+ II y~ bly 



; 

bly>0 



; 

bly<0 
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and, since b zy = for any z 6 (xi \ A) D exi and any y e x 2 \ A, mutating in E gives 



Hx,v(x) = Jl y b *y + '[[ y- 



i/Gx ; 
b xv >0 



J/Gx ; 



n 



yKy + 



n 



y b X y 



I/£(xi\Ai)UA ; 



I/£(xi\Ai)UA ; 



n 

y£xi ; 
bl„>0 



l/6xi ; 

*>L<o 



= ji(Mx,E 1 (a;)) 

and thus j\ is a locally rooted cluster morphism. 

Assume now that we proved the claim for any k < I and let E^' = /j, Xk o • ■ • o /Li Xl (E) and 
s i fe) = M** o • • • ofj, Xl (Ei). We denote by = (b x k J) (or S 1 ^) = (bl^ k) )) the exchange matrix of 
E( fc ) (or E^, respectively). By the induction hypothesis, the cluster ofE( fc ) is xf'u(x 2 \A)UA 
where x^ U Ai is the cluster of E^. Then an easy induction proves that 



, m _ J if x 6 x^ and y e x 2 \ A 

b x V — \ ,i,(0 - f _ (fe) . . A 



Because ji commutes with sequences of biadmissible mutations of length fc, any variable Xk+\ 
exchangeable in E^ is also exchangeable in E( fc ) and a similar calculation proves that for any such 
exchangeable variable Xk+i, the morphism j\ commutes with \x, 



Xk + l 



□ 



Remark 4.14. If Ai and A 2 do not consist of frozen variables, then the canonical morphism 
— may not satisfy (CM3). Indeed, if one considers the seeds 



(xi,x 2 ), (xi,x 2 ), 



1 

-1 



(x 2 ,x 3 ), (x 3 ), 



1 

-1 



so that 



E = Ei JJ E 2 = (xi,x 3 ,x 2 ), (xi,x 3 ,x 2 ), 






-1 1 



Then mutating along x 2 in Ei gives iij 1 whereas mutating along x 2 in E gives Xl £* 3 ■ Therefore, 
the canonical morphism — > J?z does not satisfy (CM3). 

If Ei = (x^exiji? 1 ) and E 2 = (x 2 ,ex 2 ,B 2 ) are glueable along Ai, A 2 and if we denote by A 
the common image of Ai and A 2 in E = Ei ]J A A2 E 2 = (x, ex, B), then the compositions of the 
canonical ring homomorphisms 

Z[A] ~ Z[Ai] — ^(Ei) and Z[A] ~ Z[A 2 ] — ^(E 2 ) 

induce Z[A]-algebra structures on .k/(Ei) and ,k/(E 2 ). Also the inclusion Z[A] C ^/(E) induces a 
Z[A]-algebra structure on ,k/(E). Then we have the following proposition : 
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Proposition 4.15. The canonical ring isomorphism Q(x) Q(xi) <8>q(a) Q( x 2) induces an 
isomorphism of Z[A]- algebras : 

srf Ei [] E 2 ~ ^(Ei) ® Z[A] ^(E 2 ). 

V Ai,A 2 / 

□ 

5. COPRODUCTS, PRODUCTS AND AMALGAMATED SUMS 

5.1. Coproducts of rooted cluster algebras. 

Lemma 5.1. The category Clus admits countable coproducts. 

Proof. Let 7 be a countable set and let {&/ (Ei)} ig/ be a countable family of rooted cluster algebras. 
For any i £ I, we set E* = (x^ex,, B l ) and 

E = ]J Si = (x, ex, B) 

iei 

where 

x=|Jx l , ex=|Jex 4 , 

ie/ iei 

and i? is the block-diagonal matrix whose blocks are indexed by I and such that for any i 6 I, 
the i-th diagonal block is B % . Then B is locally finite and thus E is a well-defined seed. For any 
i £ I, we denote by ji the canonical inclusion — which clearly induces a rooted cluster 
morphism srf (Ej) — >• ,e/ (E). 

Now assume that there exists a rooted cluster algebra srf (9) and for any iei a rooted cluster 
morphism gi : £^{Y>i) — > &/(Q). In order to prove that ^/(E) is the coproduct of the ,e/(Ej) with 
i e I, we need to prove that there exists a unique rooted cluster morphism h : ,e/(E) — >-^/(©) 
such that /jo jj = ^ for any i £ I. It is easily seen that such a rooted cluster morphism h exists 
if and only if there exists a ring homomorphism h : — V satisfying h(x) — gi{x) for any 
i e I. This latter condition defines precisely one ring homomorphism h : — > and therefore, 
h exists and is unique. □ 

Corollary 5.2. The full subcategory of Clus formed by rooted cluster algebras associated with 
finite seeds has finite coproducts. 

Remark 5.3. Topologically, this can be interpreted by saying that if (S, M) is a marked surface, 
with connected components Si, . . . , S n and with Mj = M fl Si for any 1 < i < n, then (S, M) 
is the coproduct of the srf(Si,Mi) in Clus. Indeed, for any 1 < i < n, let Tj be a triangulation 

of (Si, Mi). Then T — | |^ Tj is a triangulation of (S,M) and it follows immediately from the 

definitions that E T = TJ" =1 E Ti so that ,e/(E T ) = IJ"=i ^( s tJ- 

5.2. Products of rooted cluster algebras. 
Proposition 5.4. Clus does not generally admit products. 

Proof. The proof consists of the construction of an example of two rooted cluster algebras whose 
product is not defined in Clus. We consider the rooted cluster algebras associated with the seeds 
Ei = ((ti),0, [0]) and E x = ((i 2 ),0, [0]), so that ^(Ei) = l\t x \ and ^(E 2 ) = Z[i 2 ]. Assume that 
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there exists a product in Clus 




Z[t x ] Z[t 2 }. 

with E = (x, ex, B). For any i S {1, 2}, the morphism is a rooted cluster morphism so that 

Pi(x) C {ti} U Z and Pi(ex) C Z. 

Consider the seed E' = ((x),0, [0]) and for any i G {1,2}, let fi : Z[x] — >Z[ti] be the ring 
homomorphism sending x to ti. Then fi is a rooted cluster morphism srf(Yl) = Z[x] — > srf(Y>) for 
any i G {1,2}. 

By definition of the product, there exists a unique rooted cluster morphism h : s/(Y/) — > ,a/(E) 
such that the following diagram commutes: 



■£/(£') 




Z[ii] Z[i 2 ]. 

In particular, for any i G {1, 2}, there exists Xi G x such that Pi{xi) = t;. 

Now consider the seed £' = ((ui, u 2 ), 0, [0]) so that ,s/(E') = Z[vi,v 2 ]. For any i G {1,2}, 
let /j : .k^(E') — >stf{Yji) be defined by fi(vj) = Sijtj where Sij is the Kronecker symbol. Then 
each fi is a rooted cluster morphism. Again by definition of product, there exists a unique rooted 
cluster morphism h : srf(T?) — >s^(Ti) such that the above diagram commutes. Since h satisfies 
(CM1), for any i G {1,2}, we have h(vi) — Xi for some i, g x such that Pi(xi) — Piix'^) = ti. 
If Xi,x'i G x are such that Pi(xi) — ti, then the morphism given by h(vi) = h{x[) induces a 
rooted cluster morphism J2/(E') — ^jz/(E) and by uniqueness, h = b! and thus Xi = x\. Also, as 
(pi o h)(vi) = t\ and (p\ o K)(v2) — 0, we have h(v\) =fi hiv^). Therefore, we obtained exactly 
two elements h(v\) = x\ and h(v-i) — x 2 in x such that p\(x\) = t%, Pi(xx) = 0, p\(x2) = and 
P2{x2) = t 2 and these elements are distinct. 

Now consider again the seed E' = ((x),0, [0]) and fi : 7L\x\ — >1i[U] the morphism sending x to 
ti for any i G {1, 2}. Let h be the unique morphism such that the above diagram commutes. Then, 
by commutativity of the left triangle, we get h(x) = x\ and by commutativity of the right triangle, 
we get h(x) — x 2 , a contradiction. Therefore, ^/(Ei) and £/(E 2 ) have no product in Clus. □ 

5.3. Amalgamated sums. In this subsection, we prove that the amalgamated sums of seeds yield 
pushouts of injective morphisms in Clus. 

Let Ei = (xi, exi, B 1 ) and E 2 = (x 2 , ex 2 , B 2 ) be two seeds and let Ai, A 2 be (possibly empty) 
subsets of Xi and x 2 respectively such that Ei and E 2 are glueable along Ai, A 2 . We recall that 
necessarily Ai and A 2 consist of frozen variables. 

For any k = 1,2, it follows from Lemma [4.11 that we have a natural injective rooted cluster 
morphism : 

i k : Z[A]^^(E fc ) 

and from Lemma 14.131 that we have a natural injective rooted cluster morphism 

j k :^(E fc )— >^(Ei) [] ^(E 2 ). 

Ai,A 2 
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Proposition 5.5. With the previous notations, the diagram 

Z[A] ^ *f (Ei) 



.n 



^(E 2 



J 2 



^(Ei) n ^(s 2 ) 



Ai,A a 



is i/ie amalgamated sum of i\ and i% in Clus. 

Proof. One must first prove that the diagram commutes. Let x be a variable in the cluster A of 
Ei Hai a 2 Then i\ identifies canonically x with a variable xi in Ai and i 2 identifies canonically 
x with a variable x 2 in A2. But ji and ji then identify canonically x\ and 0:2 with the variable x 
viewed as an element in xi U Al a, x 2- Thus the diagram commutes. 

Let now E be a seed such that there exists a commutative diagram in Clus 



^(E x f| E 2 ) 

Ai,A 2 



<k/(E 2 



-) 



•^(E) 



We show that there exists a unique rooted cluster morphism h : ,e/(Ei) ]J A A ,k/(E 2 )- 
such that the following diagram commutes : 



<E) 



(1) 



^(E x ) [] ^(E 2 



^(E 




iaf(E) 



h 



^(E 2 



For any fc = 1,2 we identify A& with A C xi ]J A a 2 X2 v ^ a ^ ne morphism jk- It follows 
from the commutativity of the first diagram that fi(x) = / 2 (x) for any x G A. We thus set 
ft : ^u 4l A e 2 — via 



/t(x) 




/a (*) 



if x 6 A ; 
if x 6 xi ; 
if x S x 2 . 



Because /1 and / 2 are rooted cluster morphisms, h is necessarily also a rooted cluster morphism 
and therefore the diagram (TTJ) commutes. Conversely, if h is a rooted cluster morphism such that 
the diagram (fl]) commutes, then h is entirely determined by its values on xi ]J A A X2 and it is 
easily seen that h must be the above morphism. □ 

5.4. Topological interpretation of the amalgamated sums. In this subsection we prove that 
amalgamated sums of cluster algebras of surfaces correspond to cluster algebras associated with 
connected sums of surfaces. 

Let (Si, Mi) and (5 2 , M 2 ) be marked surfaces in the sense of |FST08| and let d\ and d 2 be 
boundary components respectively of S\ and S 2 such that there exists a homeomorphism h : di 
d 2 satisfying h{d x n Mi) = d 2 D M 2 . 
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We denote by 

(S,M) = (Si, Mi) ]l (5 a , M a ) 

di,d 2 

the connected sum of Si and 5a along h, that is, 5 is the surface obtained by gluing Si and S2 
along the homeomorphism h and M = (Mi \ (Mi f~l 9i)) U (M 2 \ (M 2 n d 2 )) U M 9 where M a is the 
common image of d\ flMi and c?2 in the surface S (see for instance [Mas77, p. 8]). We denote 
by d the common image of d\ and 82 in the surface S. 

Remark 5.6. Even if (Si, Mi) and (52, M2) are unpunctured surfaces, the surface (S, M) may 
have punctures, see for instance Figure^ 

Let T\ and T 2 be triangulations of (Si, Mi) and (5 2 , M2) respectively and let Ei and £2 be the 
corresponding seeds. Then d\ is identified with a subset of the frozen variables in Si and 82 is 
identified with a subset of the frozen variables in £ 2 . In the connected sum (5, M), the collection 
T\ U T2 defines a triangulation and we denote by E the associated seed. Then it follows from 
Proposition 15.51 that 

^(E a )=^(Ex) [] ^(£ 2 ) 

where the notation TP means that we have frozen the variables corresponding to d in E 

Corollary 5.7. In the category Clus, the rooted cluster algebra associated with the triangulation 
T of S where the arcs in d are frozen is the amalgamated sum over the polynomial ring Z[d] of the 
rooted cluster algebras j2/(Ei) and (E2) associated with the triangulations T\ and T2 induced by 
T respectively on S\ and S2 ■ 

Example 5.8. Figure [2] shows such a gluing. 




Figure 2 . An example of connected sum of an annulus and a pair of pants along 
a boundary and the induced triangulations. 
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6. SURJECTIVE ROOTED CLUSTER MORPHISMS 

We recall that an epimorphism in a category is a morphism / such that if there exist morphisms 
h and g such that gf — hf, then g = h. In this section, we focus on surjective rooted cluster 
morphisms, which are particular cases of epimorphisms since Clus is a concrete category. 

Remark 6.1. As in the category Ring, epimorphisms in Clus are not necessarily surjective. 
Indeed, if one considers the seeds 

Si = ((xi), 0, [0]), and £ 2 = ((xi), {x x ), [0]), 

then it follows from Lemma |4~T1 that the identity morphism J^j^ = Q(xi) — >Q.{x\) = i^£ 2 induces 
a rooted cluster morphism / : Z[xi] = ^(Ei) — >j2/(£ 2 ) = %[xi, ^-]. If S3 is another seed and 
g, h : jrf(Yi2) — > &f are such that hf = gf, then hf(x\) = gf(x±) so that h(x{) = g(x\) and 
as g and h are ring homomorphisms, we also have = 3(37) so that h — g. Therefore / is an 

epimorphism. 

As / is injective, it follows from Proposition 14.31 that it is a monomorphism in Clus and thus, 
/ is an example of a bimorphism (that is, both a monomorphism and an epimorphism) in Clus 
which is not an isomorphism. 

Proposition 6.2. Let £, £' be two seeds and f : .e/(£) — >&f(Y,') be a surjective rooted cluster 
morphism. Then : 

(1) any £' -admissible sequence lifts to an (f,T,,T,')-biadmissible sequence, 

(2) ^Cf(^). 

Proof. Let y £ ex'. According to Lemma \3. II there exists x G ex such that f(x) = y so that the 
E'-admissible sequence (y) lifts to the (/, E, S')-biadmissible sequence (x). Now let (yi, . . . ,yi) 
be a E'-admissible sequence. We prove by induction on I that (yi, . . . ,yi) lifts to an (/,£,£')- 
biadmissible sequence. If / = 1, this follows from the above discussion. Otherwise, there exists 
y e x' such that 

yi = ihi-i °---°Ni(y)' 

By the induction hypothesis, (yi, . . . , yi-i) lifts to an (/, E, E')-biadmissible sequence (x\, . . . , xi—i) 
and since / satisfies (CM3), we get 

VI = ' • ' = fifai-i ' • ' V>x-i(x)) 

where x lifts y in ex. Therefore, if xi = fJ-x^x o ••• o fj, x _i(x), the sequence (x\, . . . ,x{) lifts 
(j/i, . . . , yi). And moreover, yi G f(&s), which proves the corollary. □ 

Corollary 6.3. Let £1 and £2 fee two seeds and f : srf (£1) — > ^(£2) &e a surjective rooted cluster 
morphism. Assume that £1 is of finite cluster type. Then £2 is of finite cluster type. 

6.1. Subseeds and surjective morphisms. Let £ = (x, ex, B) be a seed and let x' C x be a 

subset. We set £' = Ei x / the corresponding full subseed (see Definition 14. 9|) . We consider the 
surjective ring homomorphism 

r — > ^ 

Ress.E' : \ x >—¥ x if a; € x', 

[ .X h-> 1 if I £ x \ x'. 

Proposition 6.4. Ress^' induces an ideal, surjective, rooted cluster morphism ,e/(T,) — >J2/(E'). 



24 



IBRAHIM ASSEM, GREGOIRE DUPONT AND RALF SCHIFFLER 



Proof. In order to simplify notations, we set Res = Resj^jy and E' = (x', ex', B'). Let x G ex. 
Then Res(x) G ex' if and only if x £ x', that is, if and only if x G ex'. Moreover, 



Res(n x ^(x)) = Res 



/ / 
1 



V 



II: 

b xy >0 



II: 





i 

i 




X 


h 


\ 



b Iy >0 



n v- 

J/£x' 



(x). 



Moreover, it is easily seen that /i x (_B)[x'] = /^i x (B[x']). By induction, we see that every sequence 
(xi, . . . , x n ) which is E-admissible is (Res, E, E')-biadmissible and that Res commutes with biad- 
missible mutations. Therefore Res is a rooted cluster morphism. 

Moreover, Res(.2/(E)) C .e/(E') and E' — E| x / = Res(E) so that Lemma \2 . 1 01 implies that Res is 
ideal. Finally, by definition of E', every E'-admissible sequence [x\, . . . ,x n ) lifts to a biadmissible 
sequence and therefore, J2/(E') C Res(^/(E)) so that Res is surjective. □ 

6.2. Specialisations. It is well-known that specialising frozen variables to 1 allows one to realise 
coefficient-free cluster algebras from cluster algebras of geometric type, see for instance [FZ07J. 
In this subsection, we study the slightly more general case where an arbitrary cluster variable, 
frozen or not, is specialised to an integer (which can essentially be assumed to be 1). If the 
considered cluster variable is frozen, then one finds natural surjective rooted cluster morphisms. 
More surprisingly, as we prove in certain cases (and expect in general) , specialising an exchangeable 
cluster variable to 1 also leads to rooted cluster morphisms. 
We start with a technical lemma : 



Let m = ILex 2 ^ 
Then the following 



Lemma 6.5. Let si be a rooted cluster algebra and let x be a cluster in . 
be a Laurent monomial in the variables in x, with d x G Z for any x G x. 
conditions are equivalent : 

(1) m is an element in stf ; 

(2) d x > for any x G x ; 

(3) m is a monomial in x. 

Proof. Let E be a seed containing the cluster x. It is clear that the second and third assertions 
are equivalent and that the second implies the first one. Therefore, we only have to prove that the 
first one implies the second one. Assume that there exists some x G x such that d x < 0. Because 
the elements in are Laurent polynomials in the exchangeable variables of x with polynomial 
coefficients in the frozen variables of x (see for instance [FZ03, Proposition 11.2]), if d x < 0, then the 
variable x is necessarily exchangeable. Let thus E' = (x', ex', B') = /x^E with x' = (x\ {x}) U {x'}. 
Then the expansion of m in E' is 



n v d 



n 



b x2 >0 ■ 



n 



b* z <0 



y-b x 



In particular, m is not a Laurent polynomial in the cluster x' and thus, according to the Laurent 
phenomenon (see |FZ02]), m does not belong to g/. □ 

Let E = (x, ex,f?) and let x G x. We denote by E \ {x} the seed E| x \{,2.} = (x',ex',_B') where 
x' = x \ {x}, ex' = ex \ {x} and b' yz = b yz for any y,z^iinx'. 

Definition 6.6 (Simple specialisation). Let n G Z. The simple specialisation of x to n is the ring 
homomorphism : 

' — > ^s\ W 

z i — y zifzGx \ {x} . 
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The following lemma shows that, except degenerate cases, the only value to which we can 
specialise a (single) cluster variable is 1. 

Lemma 6.7. Let £ = (x, ex, B) be a seed, let x G x and let n G Z. Assume that o~ x ,n induces 
a ring homomorphism £/(T,) — Ys^{Ei \ {x}). If there exists some y G ex such that b xy =fi 0, then 
n G { — 1,1}. If there exists some y G ex such that b xy G 2Z + 1, then n = 1. 

Proof. Let x G x, x' = x \ {x} and £' = S \ {x}. Assume that there exists y G ex such that 
b X y 7^ 0. Without loss of generality, we assume that b xy > 0. Then 




+ n 



b vz >0 



, b zy> o b yz>0 J 

\ z^x z=fcx J 



n *" | z *y 

b' 



K*>o 



But 



»vMy)= 1 -( n zKv + n * v 

\ b zy>0 b yz>0 



Thus, if a induces a ring homomorphism between the rooted cluster algebras, we get a(p y} s(y)) G 
£/(E\ {x}) and so the difference o-(/i y ^(y)) — n bxy fJ, y .z'(y) also belongs to ^/(T, \ {x}). 
But 



o-(HyMv)) ~ rfr'HyMv) = -(1 - n 6 -) [] 



is a Laurent monomial in the cluster x' such that the exponent of y is —1 < 0, with y G ex. 
Therefore, it follows from 16.51 that necessarily 1 — n bmy — 0, that is, n bxy — 1 and thus n G { — 1, 1}- 
If moreover b xy is odd, we necessarily have n = 1. □ 

Example 6.8. We exhibit an example where a simple specialisation to —1 does not induce a map 
at the level of the corresponding cluster algebras. Consider the cluster algebras of respective types 
A3 and A 2 associated with the coefficient-free seeds 



£ = 



((xi,x 2 ,x 3 ), 1 



) and £' = ((x u x 2 ), 1 *~ 2 



and consider the simple specialisation a = a XZl ~\ of x 3 to — 1. 



The image under a of the cluster variable 



X2 



IS 



1— X\ 



But if i^p 1 is in then, since 



is in we get ^ G .c/(E'). Then the expansion of ^ in the cluster (xi,x' 2 ) of the seed 

/^(E') is 2 which is not a Laurent polynomial, a contradiction. 

The following lemma shows that the study of simple specialisations in -1 can be reduced to the 
study of simple specialisations to 1. 

Lemma 6.9. Let £ = (x, ex, B) be a seed and let x G ex be such that b xy G 2Z for any y G ex. 
Then <T X) _i is a rooted cluster morphism if and only if a x ,\ is. Moreover, in this case <j Xi _i(a) = 
iPx,i(a>) f or an V a G ^E- 
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Proof. Both cr X) i and a X; i satisfy (CM1) and (CM2). Now we observe that a sequence of variables 
is ((Tx,-i, E, E \ {a;})-biadmissible if and only if it is disjoint from x, which is also the condition 
for this sequence to be (a Xr i,Ti,H \ {x})-biadmissible. Let a ^ i be an exchangeable variable 
in E. Then, since b xy £ 2Z for any y £ ex, it follows that that <7 Xi _i(/i 0i x:(a)) = o~ Xj i(/j, ai s(a)). 
Moreover, if jLt a S = E' = (x', ex', £'), then it follows from the mutation rule for exchange matrices 
that b' xy £ 2Z for any y £ ex'. Therefore, by induction, o- x ,-i satisfies (CM3) if and only if cr X) i 
does. Hence, it only remains to prove that cr Xt —i induces a map — \ x) if and only if 

a Xt x does. This follows from the fact that a Xt -i(a) £ {— c X) i(a), a Xt i(a)} for any a £ which is 
easily proved by induction. □ 

Proposition 6.10. Let E = (x, ex, B) be a seed and let x £ x. Then o~ Xt i induces an ideal surjec- 
tive rooted cluster morphism si (E) — > ,g/(E \ {x}) if and only if it induces a ring homomorphism 
st{Y.) — >sf{Y,\{x}). 

Proof. Let a = a xA . Then a clearly satisfies (CM1) and (CM2). In order to prove (CM3), it 
is enough to notice that a E-admissible sequence (x±, . . . , x{) is (cr, E, E \ {a;})-biadmissible if and 
only if Xk ^ x for any k such that 1 < k < I and to proceed by induction on I. It follows that a 
is a rooted cluster morphism if and only if cr induces a ring homomorphism srf (E) — > ^(E \ {x}). 
Its surjectivity comes from the fact that any admissible sequence in E \ {x} can naturally be lifted 
to a (cr, E, E \ {x})-biadmissible sequence. In order to prove that cr is ideal, it is enough to observe 
that cr(E) = E \ {x} so that cr(^(E)) = ^(E \ {x}) = ^(ct(E)). □ 

6.3. Specialisations for cluster algebras from surfaces. In this section, we prove that sim- 
ple specialisations induce surjective rooted cluster morphisms for cluster algebras associated with 
surfaces. 

Given a marked surface (S,M) and an internal arc 7 in (S,M), we denote by d 1 (S,M) the 
(non-necessarily connected) marked surface obtained by cutting (S, M) along 7. The arc 7 induces 
in d 7 (S, M) two new boundary arcs which we denote by 71 and 72. Now if T is a triangulation of 
(S, M). then 

d 7 T = (T\{7})U{ 7l , 72 } 

is a triangulation of d~ f (S, M). 

Figures [3] and H] present examples of cuttings of surfaces along an arc. 




FIGURE 3. Cutting a disc with two punctures to get an annulus. 



Note that the seed E^ t differs from the seed E^ \ {x-y}- However, we have E^ t[T \ {71, 72}] = 
Et[T\{ 7 }]. 



ON A CATEGORY OF CLUSTER ALGEBRAS 



27 




FIGURE 4. Cutting an annulus to get a disc without punctures. 

Theorem 6.11. Let (S,M) be a marked surface, T be a triangulation of (S,M) and St be the 
seed associated with T . Then for any 7 G T which does not enclose a degenerate marked sur- 
face, the simple specialisation of x y to 1 induces an ideal surjective rooted cluster morphism in 
^(S T )— ^(S T \{z 7 }). 

Proof. If 7 is a boundary arc, then x 1 is a coefficient and the result is well-known, see [FZ07j. We 
may thus assume that 7 is an internal arc. 

According to Proposition 16 . 1 Ol as a = o~ x % is a ring homomorphism, in order to prove that a is 
a rooted cluster morphism, it is enough to prove that the image of a is contained in stf (St \ {z~/})- 
For this we only need to prove that o~(x n ) £ £/(T,t \ {^7}) for any (possibly tagged) arc rj in 
(S, M). For the sake of simplicity we only prove it for an untagged arc r\. The case of tagged arcs 
is a straightforward adaptation. 

Let r] be an arc in (S,M). Resolving the intersections of ij with 7 (using for instance the 
resolutions described in |DP11) or more generally the skein relations described in |MW11| ). we can 
write x-fXrf as a linear combination of products of xg where 9 runs over a family of curves which 
do not intersect 7. 

Every curve which does not cross 7 induces a curve in the surface d 1 {S,M). Let r denote the 
specialisation of x 7l and x l2 to 1. Then, as 71 and 72 are boundary arcs, r is a rooted cluster 
morphism from £/(T,d t) to £/(T,d t \ {^717^72}) = »e^(St \ {^7})- Moreover, for any arc 9 in 
(S, M) which does not cross 7, we have a(xg) = r(xg). 

Therefore, cr(x ri ) = a{x 1 x v ) is a linear combination of r(xg) where 9 runs over a family of curves 
which do not intersect 7. Now for each such curve, xg is an element of the cluster algebra stf (d-yT) 
and thus r(xg) is an element of the cluster algebra ^(Ej- \ {x 7 }). 

The fact that a is surjective is clear since any admissible sequence for T,t \ {x 7 } lifts to an 
admissible sequence for St- The fact that it is ideal comes from the fact that ct(Et) = St \ 
{x 7 }. □ 

Example 6.12. Consider the once-punctured torus Ti and fix a triangulation T of Ti. It has 
three arcs which we denote by 1,2 and 3 and which we show as follows in the universal cover of 
Ti : 
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The seed corresponding to this triangulation is the coefficient-free seed 

(£1,0:2,2:3), 



2-2 
-2 2 
2-2 



Now, an arbitrary cluster variable in <e/(Ti) corresponds to a certain arc. In this example we 
choose for instance the curve rj shown below. Let us cut Ti along the arc 1, which we show dashed. 
Resolving intersections between 77 and 1, and applying skein relations we get x n xi — X2X3 + X2X0 
where 9 does not intersect the arc 1. 






We can easily compute 



so that a Xl ,i(xe) 



Xff 



x\ 



\ {xi}). Let us also give a geometric argument. 
Cutting Ti along the arc 1, we get the annulus C\ H \ with one marked point on each boundary 
component and {2, 3} together with the two boundary arcs b and b' induce a triangulation of C11. 
The arc 9 in Ti induces an arc in C\ 1 and we denote by x' s the corresponding cluster variable in 



Then, it follows directly from the various expansion formulae for cluster variables associated 
with arcs (see for instance [ST09, MSWllJ or [ADSS11J) that xg is given by x' g where the variables 
Xh and Xf corresponding to the two boundary components are identified with x±. Indeed, a direct 
computation gives 



In particular, if we specialise Xb,x' b and x\ to 1, we still get equality. But the cluster algebra 
associated with C\ \ whose frozen variables are specialised to 1 is nothing but the cluster algebra 
associated with the seed srf (St \ {^l })• 

6.4. Specialisations in acyclic cluster algebras. We now prove an analogue result for acyclic 
cluster algebras using techniques coming from additive categorifications of cluster algebras. We 
refer the interested reader to [Kel lO] and references therein. 

Philosophically speaking, the proof of the following theorem follows the lines of the proof of 
Theorem 16 . 1 1 1 where, in the spirit of |BZllj . objects in categories should be thought as curves in a 
surface, extensions of objects as intersections of the corresponding curves and "Hall products" as 
skein relations. 

Theorem 6.13. Let £ = (x, ex, B) be a seed which is mutation-equivalent to a finite skew- 
symmetric acyclic seed. Then for any x G x, we have o~ x ^i(,£/(Y<)) C ,e/(E \ {x}) (E)z Q- 
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Proof. Without loss of generality we can assume that E = E is simplified. Let Q be an acyclic 
quiver corresponding to the exchange matrix of a seed which is mutation-equivalent to E. 

Let be the cluster category of Q over an algebraically closed field k introduced in }BMR + 06] . 
Its suspension functor is denoted by [1]. Let T = (B yex T y be a cluster-tilting object in ^ corre- 
sponding to the seed E, see |CK06l IFEIO] . 

Let T x be the full subcategory of 'io formed by the objects V such that Hom^(T x , V) = 0. 
Then it follows from [IY08] that c €' = T^/T x [l] is a Horn-finite 2-Calabi-Yau category and that 
T 1 = © y ex\{x} Ty is a cluster-tilting object in c €' . The quiver Qt> of the endomorphism ring of T" 
is a full subquiver of the quiver Qt of the endomorphism ring of T. By assumption Qt is mutation- 
acyclic. Thus, it follows from [BMR08 (see also |Warll| ) that Qt> is also mutation-acyclic and 
therefore c £' is triangle equivalent to a cluster category, see [KR08J. 

We denote by X? (or X?, respectively) the cluster character associated to T on ^ (or to T' on 
"if', respectively), see [Pal08j. Since ^ and ^" are cluster categories associated to acyclic quivers, 
it follows from [GLS10, Theorem 4] that the map X? (or X?, respectively) has values in the cluster 
algebra ^(E) (or ,k/(E \ {a;}), respectively). 

Let <7 = cr Xi i be the simple specialisation of a; to 1. Let M be an object in ^€ , We prove by 
induction on the dimension of Hom<g(T x , M) that ct(Xm) is a finite Q-linear combination of X' Y 
where Y runs over the objects of c £' . 

Assume first that H.om<g(T x , M) = 0, that is, M belongs to T x . Then M can be decomposed 
as M © T^l] 7 ™ for some m > 1 where M has no direct summand isomorphic to T a [l]. Therefore, 

a(X M ) = ^(I^j!]™) = aiXjjX™^) = cr(X 17 )cr(X£ [1] ) = a(X w )a(x m ) = a{X w ). 

Since M belongs to T x , the object M belongs to T x /T x [l] and is thus identified with an object 
in c £' . Now it follows easily from the definition of the cluster characters that a(Xjj-) = X£p 
Therefore, ct(Xm) belongs to srf(Y, \ {x}). 

Assume now that Hom<g(T x , M) ^ 0. Therefore, 

Ex4(T x [l],M) = Romv(T x [l],M[l}) ~ Eom^(T x ,M) + 0. 

Then it follows from jPall 1) that the product (dimExt^(T K [l], M)Xt x \x\Xm) is a Z-linear combi- 
nation of Xy's where Y runs over middle terms of non-split triangles of the form 

(2) AT— ►F— ►ILtl]— >-M[l] 
or of the form 

(3) T x [l] — >Y A M -4 T x [2]. 
In other words, we have 

(4) xX M = u yXy 

Y 

where (ny) C Q is finitely supported on a set of isoclasses of objects Y in c <§ such that there exists 
triangles of the form @ or . 

We claim that dim Hom<g> (X^ , Y) < dimHom^(T x , M) for any Y such that ny ^ 0. Indeed, 
assume first that Y is such that there exists a triangle of the form @, that is, 

T x A M A r— >T S [1]— >M[1]. 
Applying the homological functor Hom^CT^, — ) to this triangle, we get the long exact sequence 

End^(T x ) ^> Hom»(T x ,M) ^> Horn* (T*, y)— > 0, 

so that the post-composition by /3 yields an epimorphism Horrid (T^, M) — ^> Hom^ (T Xl Y). Since 
the sequence is exact, we have Ker(/3*) = Im(a»). Moreover, End^ (T^ ) Hom<# (T X ,M) is 
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non-zero since <x*(1t x ) = a ^ 0. Therefore, dim Horn^ (T^ , Y) < dim Hom-^ (T^ , M) in this case, 
as claimed. 

Assume now that Y is such that there exists a triangle of the form ([3]), that is, 

T^l]— >Y AM 4t x [2]. 
Applying the homological functor Hom^(T x , — ) to this triangle, we get the long exact sequence 

0^Hom^(T x ,y) ^ Hom^(T x ,M) ^ Hom^(T x ,T x [2]). 

Therefore, the post-composition by a yields an injection Hom^CT^, Y) — ^> Hom^T^, M). In order 
to prove that the injection is proper, since the sequence is exact, we need to prove that the post- 
composition Hom<g>(T x , M) — ^> Hom^T^, T x [2]) is non-zero. Since is 2-Calabi-Yau, we have the 
commutative diagram 

Rom v (T x , M) ^ Hom^(T x , T x [2\) 

DHom^(M,T x [2]) " Pb * > DEnd v (T x [2]) 

where D — Hom^(— , k) is the standard duality and End<y(T x [2]) — > Hom^(M, T x [2]) is the pre- 
composition by b. Since b is non-zero, b*^!^^]) an( i thus Db* is non-zero so that 6* is non-zero. 
This proves the claim. 

Therefore, equality Q allows to write iXm as a Q-linear combination of elements Xy where 
dimHom^(T x ,Y) < dim Hom^ (T x ,M). If dim Hom<^ (T x , Y) = dim Ext^» (T x [1] , Y) ^ 0, we can 
again write xXy as a linear combination of cluster characters of objects for which the dimension 
is strictly smaller. Proceeding by induction, there exists some n > 1 such that x h Xm is a Q- 
linear combination of elements of the form Xy where dim Hom^ (T x , Y) = 0. Therefore ct(Xm) = 
o{x n XM) is a Q-linear combination of <r(Xy) with dim Hom-^ (T x , Y) = 0. Hence, it follows from 
the previous discussion that ct(Xm) belongs to &?(E \ {#}). □ 

Remark 6.14. In the proof of Theorem 16. 131 the assumption that E is mutation-acyclic is only 
used in order to prove that the cluster characters take their values in the cluster algebras. In 
fact, the proof shows that for any cluster variable i in a seed E admitting an additive Hom-hnite 
2-Calabi-Yau categorification, the map a x> i sends any cluster variable in to a Q-linear com- 

bination of cluster characters associated to objects in a Hom-finite 2-Calabi-Yau categorification of 
E \ {x}. However, in general these latter cluster characters may not live in the cluster algebra but 
only in the upper cluster algebra, see for instance [Plallal Example 5.6.3]. Interactions of simple 
specialisations with lower and upper bounds of cluster algebras are studied in Subsection 16.51 

The following example illustrates the fact appearing in the proofs of Theorems 16.111 and 16.131 
that the simple specialisation of an exchangeable variable to 1 does not send a cluster variable to 
a cluster variable in general, but rather sends it to a linear combination of elements in the cluster 
algebra. 

Example 6.15. Consider the coefficient- free seed E = ((ari, X2, X4), B) where 

1 " 
1 
1 

-1 -1 -1 

is the incidence matrix of the quiver Q of Dynkin type D4 where 4 is a sink. 



B 
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We consider the specialisation of X4 to 1 so that we also consider the seed 

£ \ {x 4 } = ((xi,x 2 ,x 3 ), [0]) 
which is of type A\ X A\ X A\. In particular, 



£f(Z\{x 4 }) =Z 

Consider the cluster variable in ,a/(£) 



2 2 2 

X\ , , X2 ) , X3 , 

Xi x 2 x 3 



C Q(xi,x 2 ,x 3 ). 
1 + .T1X2.T3 + 3^4 + 3x| + x\ 



X1X2X3X4 

which, in the context of |CC061 lBMR + 06] . corresponds to the cluster character of the indecom- 
posable representation of Q with dimension vector (1111). 
Then 

8 , 2 2 2 , 

Cx 4 ,l(x) = h 1 = hi 

xix 2 x 3 xi x 2 x 3 

is the sum of 1 and the cluster monomial in £?(E \ {£4}) corresponding to the cluster character of 
the semisimple representation with dimension vector (111) of Q \ {4}. 
Now consider the cluster variable in ^(S) 

1 + 2x1X2X3 + x\x\x\ + 3x4 + 3x1X2X3X4 + 3x| + x| 
xix 2 x 3 x| 

which corresponds to the cluster character of the indecomposable representation of Q with dimen- 
sion vector (1112). 
Then 

2 2 2 

0^4, i(x) = h 5 + xix 2 x 3 . 

Xl x 2 x 3 

is a linear combination of three distinct cluster monomials in «e/(£ \ {X4}). 

6.5. Simple specialisations in general. In general, we expect that simple specialisations of 
cluster variables to 1 induce rooted cluster morphisms. 

Problem 6.16. Let £ = (x, ex, B) be a seed and let x G x. Then does o~ x ^\ induce a surjective 
ideal rooted cluster morphism (£) — > \ {x}) ? 

We now prove that simple specialisations preserve upper and lower bounds of cluster algebras 
in general. 

Given a seed £ = (x, ex, B), and given an element x 6 ex, we denote by /i x (ex) the set of 
exchangeable variables in /%(£) so that Z[x \ ex][/i I (ex) ±1 ] is the set of Laurent polynomials in 
the exchangeable variables of /i K (E) with polynomial coefficients in the frozen variables of /x x (£). 
We also set 

ex' = (J /^(ex) 

to be the set of all the exchangeable variables in the seeds obtained from £ by applying exactly 
one mutation. 

Following |BFZ05| . we set : 

Definition 6.17. (1) The lower bound of j/(£) is 

_£f(£) = Z[x \ ex] [ex U ex'] . 

(2) The upper bound of &/(Y,) is 

«T(£) = Z[x\ex][ex ±1 ] n f] Z[x \ ex][^(ex) ±1 ]. 
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These are subalgebras of and we always have the inclusions C C U'(E). 

Proposition 6.18. Let E = (x, ex, B) be a seed and let x S x. Then : 

(1) «7 S) i(JSf(E))cJ2f(S\{i}) ; 

(2) t7 X) i('8r(E))c'Sr(E\{a:}). 

Proof. If a; is frozen, the result is clear. Therefore, we fix some exchangeable variable x in ex. In 
order to simplify the notations, we set a = o~ x .\. 

Let z be a cluster variable in E. If z is frozen, then a(z) = z so that cr(z) is both in the upper 
and in the lower bounds of ^(E \ {x}). Assume now that z is exchangeable. If z x, we have 



v 



\ 



n y by *+ 11 y 



I b yz >0 



b»z<0 



\ 



n » 

. b H z>0 ; 
\yex\{x} 



n 

b,,z<0 ; 
y£x\{x} 



If z — x, we get 

<r(pxM x )) 



V 



■n» 

fcx a <0 



.-f>* 



/ 



n 



6x a >0 
y£x\{x} 



n 

&xj,<0 

y£x\{x} 



.-bx 



It easily follows that o"(jSf(E)) C _S?(E \ {a;}) and cr(^(E)) C ^(E \ {a;}). 



□ 



6.6. An example of multiple specialisation in zero. For any m > 4, we denote by Gr2(m) 
the set of planes in C m and let C[Gr2(m)] denote its ring of homogeneous coordinates. It is known 
that 

C[Gr 2 (m)] ~^(E m )® z C 

where E m is the seed constructed in jj4.lt see for instance[Sco06j or [GSV10, Chapter 2]. The 
cluster variables in £/(Il m ) are identified with the Pliicker coordinates Xk,i, with 1 < k < I < m in 
C[Gr2(m)] in such a way that the Pliicker coordinate Xk,i corresponds to the arc joining k to I in 
II m , see [loc. cit.]. 

Let m,m' be integers such that 4 < m! < m. The choice of an inclusion of C m into C m induces 
an embedding i : Gr^m') — > Gr2(m) and thus an epimorphism of C-algebras : 

l* : C[Gr a (m)]— >-C[Gra(m')]. 

If x' k i, with 1 < k < I < m! . are the Pliicker coordinates on C[Gr2(ro')], then the morphism i* 
is given by 

x'u i if Z < 77l' 



J k,l 

if I > rri 



for 1 < k < I < 



Proposition 6.19. There exists a unique rooted cluster morphism T^ m ,m' ■ ^(E m ) — »,e/(E m /) 
such that L* = 7T ®7, tr. 
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Proof. Consider the ring homomorphism Tr m ,m' '■ ^s m — > , acting as t* on the Pliicker coor- 
dinates. Then n defines a ring homomorphisms from srf (£ m ) to si (S m /). Moreover, 7r miTO < satisfies 
(CM1) and (CM2) by construction. 

Exchange relations in j2/(E m ) are given by 

for any i, j, fc, / such that l<i<k<j<l<m and similarly for ^/ (S ro /). Thus, 7r sends exactly 
the exchange relations involving only Xk,i with 1 < i < k < j < I < m' in ^(E m ) to the same 
exchange relations for a;^ , with l<i<fc<j'</<m'in ,c/(E m /). In other words, 7r commutes 
with mutations along biadmissible sequences and thus satishes (CM3). 

For uniqueness, it is enough to observe that if such a morphism n m ,m' exists then it necessarily 
acts as l* on the Pliicker coordinates and thus it is unique. □ 

7. Surgery 

In this section we introduce a combinatorial procedure, called cutting, which turns out to be 
the inverse process of the amalgamated sums considered in Section 14.21 More precisely, these 
cuttings provide epimorphisms in Clus which are retractions of the monomorphisms constructed 
from amalgamated sums of rooted cluster algebras. 

7.1. Cutting along separating families of variables. 

Definition 7.1 (Separating families). Let £ = (x, ex, B) be a seed. If there exist a subset 
A C (x\ex) and a partition x = xi Ux2 U A such that, with respect to this partition, the exchange 
matrix B is of the form 





r Bh 





B 12 


B = 











. B 21 


B 21 


Sa J 



then we say that A separates xi and X2 in S. 

For j G {I, 2}, we set <f^£ = (xj U A, ex n Xj, B J ) where 



B J 



°2l 



R 3 

D 22 



Definition 7.2 (Cutting). Let E = (x, ex, B) be a seed and let A be a separating family of 
variables as above. The cutting of S along A is the pair 

d A E = (4£,<&E). 

Example 7.3. Consider for instance the matrix 








1 








-1 " 




-1 











1 


B = 











1 


-1 










-1 





1 




1 


-1 


1 


-1 






corresponding to the quiver 



• 2 



Qi 



3« 



• 4 



with point 5 frozen. Then cutting along 5 gives two oriented 3-cycles with one frozen point each 
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!• >«2 




3« >«4 

The following lemmata prove that the cutting is the inverse operation to the amalgamated sum 
of seeds. 

Lemma 7.4. Let Si and S2 be seeds which are glueable along A± and A2 and let S = 
Si JJ A Aa S 2 . We denote by A the subset of the cluster o/S corresponding to Ai and A 2 . T/ien : 

(1) A separates xi \ A and X2 \ A m S ; 

(2) d A S ~ S, /or any i G {1, 2}. 

Proof. By definition, we have S = Si JJ A Aa S 2 = (x, ex, £?) where x = (xi \ Ai) U (x 2 \ A 2 ) U A, 
ex = exi U ex 2 and 










B 12 


B = 







B 12 




. B 21 


B 21 


B A J 



Therefore, for any i = 1,2, the cluster of d A S is Xj \ Ai U A, the exchangeable variables in this 
cluster are the exchangeable variables in Sj (none of them belongs to A by assumption) and the 
exchange matrix of this seed is 





B{ 2 


B\ x 


Ba _ 



Therefore, d\ ~ S*. □ 
Conversely : 

Lemma 7.5. Lei Y, be a seed and A a separating family of variables in S. TTien d A S and d A S 
are glueable along the respective images Ai and A 2 0/ A and 

d A S ]J d A S~S. 

Ai,A 2 

Proof. We write S = (x, ex, L?). Since A is separating in S, there exists a partition x = xi UX2 U A 
such that, adapted to this partition, B is given by 





r Bh 





^12 


B = 











. #21 


-^21 





and since A consists of frozen variables, ex = (ex n xi) U (ex n x 2 ). 
By definition, for i = 1, 2, we have d A S = Si where 

Si = (x,UA,exnx„5') 

with 





^12 


^1 





It follows that Si and S 2 are glueable along A, A and thus 

SiJJS 2 ~(x,ex,B) = S. 

A, A 

□ 
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7.2. Epimorphisms from cuttings. Let E be a seed and A a separating family of variables in 
E as above and set Ej = d l A T, for any i € {1, 2}. 

Fixi E {1,2}. It follows from Lemmatal? ^ Oland OHl that we have canonical monomorphisms 
in Clus : 

ji :^(Ei)— >^(E). 

.x i— > x if x E Xj U A, 
x H> if x E Xj for i 7^ J. 

Proposition 7.6. For any z E {1,2}, the ring homomorphism pr^ induces a rooted cluster epi- 
morphism «e/(E) — ^^/(Ej) which is a retraction for ji. 

Proof. We first observe that 

pr,(x) C x, U A U {0} and pr 4 (ex) C (ex Hx,)U {0} 

so that pr^ satisfies (CM1) and (CM2). 

In order to prove that pr, satisfies (CM3), we prove as in Lemma [4.131 that the (pr i; E, Ej)- 
biadmissible sequences are precisely the E;-admissible sequences and that A remains separating 
along biadmissible mutations. It follows as in the proof of Lemma 14.131 that pr i commutes with 
biadmissible mutations and thus satisfies (CM3) and induces a surjective rooted cluster morphism 
^(E) — ^(Ej). 

Finally, as (pr i o ji)(x) — x for any x E Xj U A, we get pr 4 o = IjjmA. □ 
In general, we state the following problem : 
Problem 7.7. Determine which monomorphisms in Clus are sections. 

7.3. Topological interpretation of the surgery. Let (S, M) be a marked surface. Assume that 
there exists a collection A of (internal or boundary) arcs in (S, M) which can be concatenated in 
order to form a simple closed curve in (S, M) which delimits two non-degenerate marked subsurfaces 
(Si, Afi) and (S 2 , M 2 ) in (S, M). 

Consider a triangulation T of (S, M) containing A as a subset. Then T induces two triangula- 
tions T\ and T 2 of (Si, Mi) and (S 2 , M 2 ) respectively in which A corresponds to a set of boundary 
arcs, that is, to frozen variables. We denote by E the seed corresponding to the triangulation T 
and by Ex, E 2 the seeds corresponding respectively to the triangulations T\ and T 2 . Then A is a 
separating family of variables in E and 

d A (S) = (Si,E 2 ). 

In other words, cutting E along A coincides with taking the seed associated with the triangulation 
of the surface obtained by cutting (S, M) along A. 

Example 7.8. Consider the following triangulation of the disc with two marked points on the 
boundary and five punctures. 



Consider the ring homomorphism 
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Let A denote the union of the four arcs which are dashed in the above figure. Cutting the 
surface along A gives two new marked surfaces, namely an unpunctured annulus with two marked 
points on a boundary and four marked points on the other and a disc with four marked points on 
the boundary and one puncture. The triangulation of the above disc containing A thus induces 
triangulations of the two cut surfaces. 




Then we clearly see that the cluster algebra associated with the initial surface where the arcs 
in A are frozen is the amalgamated sum over the respective images of A of the two cut surfaces. 

Acknowledgements 

The first author gratefully acknowledges partial support from NSERC of Canada, FQRNT of 
Quebec and the University of Sherbrooke. 

This work was initiated while the second author was a CRM-ISM postdoctoral fellow at the 
University of Sherbrooke and was finished while he was a postdoctoral fellow at the Universite 
Denis Diderot - Paris 7, funded by the ANR Geometrie Tropicale et Algebres Amassees. The 
second author would like to thank the third author for his kind hospitality during his stay in 
University of Connecticut where this project started. 

The third author has been supported by the NSF Grant I00I637 and by the University of 
Connecticut. 

The authors wish to thank Bernhard Keller, Yann Palu, Pierre-Guy Plamondon, Jan Schroer 
and Vasilisa Shramchenko for fruitful discussions on the topic. 

References 

[ADSSll] Ibrahim Assem, Gregoire Dupont, Ralf Schiffler, and David Smith, Friezes, strings and cluster variables, 

Glasgow Mathematical Journal 54 (2011), no. 1, 27-60. 
[ASS11] Ibrahim Assem, Ralf Schiffler, and Vassilisa Shramchenko, Cluster automorphisms, Proc. LMS (2011), 

in press. 

[BFZ05] Arkady Berenstein, Sergey Fomin, and Andrei Zelevinsky, Cluster algebras III: Upper bounds and double 

Bruhat cells, Duke Mathematical Journal 126 (2005), no. 1, 1—52. 
[BMR+06] Aslak Bakke Buan, Robert Marsh, Markus Reineke, Idun Reiten, and Gordana Todorov, Tilting theory 

and cluster combinatorics, Adv. Math. 204 (2006), no. 2, 572-618. 
[BMR08] Aslak Bakke Buan, Robert Marsh, and Idun Reiten, Cluster mutation via quiver representations, Com- 

mentarii Mathematici Helvetici 83 (2008), no. 1, 143-177. 
[BZ11] Thomas Briistle and Jie Zhang, On the cluster category of a marked surface, Algebra and Number 

Theory to appear (2011). 

[CC06] Philippe Caldero and Frederic Chapoton, Cluster algebras as Hall algebras of quiver representations, 

Commentarii Mathematici Helvetici 81 (2006), 596-616. 
[CK06] Philippe Caldero and Bernhard Keller, From triangulated categories to cluster algebras II, Annales 

Scientifiques de l'Ecole Normale Superieure 39 (2006), no. 4, 83-100. 
[Demll] Laurent Demonet, Categorification of skew-symmetrizable cluster algebras, Algebras and Representation 

Theory 14 (2011), 1087-1162, 10.1007/sl0468-010-9228-4. 
[DP11] Gregoire Dupont and Frederic Palesi, Quasi-cluster algebras associated to non-orientable surfaces, 

arXiv:1105.1560vl [math.RA] (2011). 
[DWZ10] Harm Derksen, Jerzy Weyman, and Andrei Zelevinsky, Quivers with potentials and their representations 

II: applications to cluster algebras, J. Amer. Math. Soc. 23 (2010), no. 3, 749-790. 



ON A CATEGORY OF CLUSTER ALGEBRAS 



37 



[FK10] Changjian Fu and Bernhard Keller, On cluster algebras with coefficients and 2-Galabi-Yau categories, 

Trans. Amer. Math. Soc. 362 (2010), 859-895. 
[FST08] Sergey Fomin, Michael Shapiro, and Dylan Thurston, Cluster algebras and triangulated surfaces. I. 

Cluster complexes, Acta Math. 201 (2008), no. 1, 83-146. 
[FZ02] Sergey Fomin and Andrei Zelevinsky, Cluster algebras I: Foundations, J. Amer. Math. Soc. 15 (2002), 

497-529. 

[FZ03] , Cluster algebras II: Finite type classification, Inventiones Mathematicae 154 (2003), 63-121. 

[FZ07] , Cluster algebras IV: Coefficients, Compositio Mathematica 143 (2007), no. 1, 112-164. 

[GLS10] Christof Geiss, Bernard Leclerc, and Jan Schroer, Generic bases for cluster algebras and the Chamber 

Ansatz, arXiv:1004.2781v2 [math.RT] (2010). 
[GLS11] Christof Geiss, Bernard Leclerc, and Jan Schroer, Factorial cluster algebras, arXiv:1110.1199v2 

[math.RA] (2011). 

[GSV10] Michael Gekhtman, Michael Shapiro, and Alek Vainshtein, Cluster algebras and Poisson geometry, 
Mathematical Surveys and Monographs, vol. 167, American Mathematical Society, Providence, RI, 
2010. 

[HL10] David Hernandez and Bernard Leclerc, Cluster algebras and quantum affine algebras, Duke Math. J. 
154 (2010), no. 2, 265-341. 

[IY08] Osamu Iyama and Yuji Yoshino, Mutation in triangulated categories and rigid Cohen- Macaulay modules, 
Invent. Math. 172 (2008), no. 1, 117-168. 

[KellO] Bernhard Keller, Cluster algebras, quiver representations and triangulated categories, Triangulated cat- 
egories, London Math. Soc. Lecture Note Ser., vol. 375, Cambridge Univ. Press, Cambridge, 2010, 
pp. 76-160. 

[KR08] Bernhard Keller and Idun Reiten, Acyclic Calabi-Yau categories, Compositio Mathematicae 144 (2008), 
no. 5, 1332-1348. 

[Mas77] William S. Massey, Algebraic topology: an introduction, Springer- Verlag, New York, 1977, Reprint of 

the 1967 edition, Graduate Texts in Mathematics, Vol. 56. 
[MSW11] Gregg Musiker, Ralf Schiffler, and Lauren Williams, Positivity for cluster algebras from surfaces, Adv. 

Math. 227 (2011), 2241-2308. 
[MW11] Gregg Musiker and Lauren Williams, Matrix formulae and skein relations for cluster algebras from 

surfaces, arXiv:1108.3382vl [math.CO] (2011). 
[Pal08] Yann Palu, Cluster characters for 2-Calabi-Yau triangulated categories, Ann. Inst. Fourier (Grenoble) 

58 (2008), no. 6, 2221-2248. 

[Palll] , Cluster characters II: A multiplication formula, Proc. LMS to appear (2011). 

[Plalla] Pierre-Guy Plamondon, Categories amassees aux espaces de morphismes de dimension infinie, applica- 
tions, Ph.D. thesis, Universite Paris 7, 2011. 
[Plallb] Pierre-Guy Plamondon, Cluster algebras via cluster categories with infinite- dimensional morphism 

spaces, Compos. Math. (2011), to appear. 
[Sco06] Joshua Scott, Grassmannians and cluster algebras, Proc. London Math. Soc. (3) 92 (2006), no. 2, 

345-380. 

[ST09] Ralf Schiffler and Hugh Thomas, On cluster algebras arising from unpunctured surfaces, Int. Math. Res. 

Not. (2009), no. 17, 3160-3189. 
[Warll] Matthias Warkentin, Subquivers of mutation- acyclic quivers are mutation-acyclic, arXiv:1102.3382v2 

[math.RT] (2011). 



Universite de Sherbrooke, Sherbrooke QC, Canada 
E-mail address: ibrahim.assem@usherbrooke.ca 

Institut de Mathematiques de Jussieu-Paris Rive Gauche, Paris, France 
E-mail address: dupontg@math.jussieu.fr 



University of Connecticut, Storrs CT, USA 
E-mail address: schiffler@math.uconn.edu 



